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PKEFACB. 



The aim of this work is to give a brief exposition of some 
of the devices employed in solving differential equations. 
The book presupposes only a knowledge of the fundamental 
formulse of integration, and may be described as a chapter 
supplementary to the elementary works on the integral 
calculus. 

The needs of two classes of students, with whom the author 
has been brought into contact in the coui-se of his experience 
as a teacher, have determined the character of the work. For 
the sake of students of physics and engineering who wish to 
.use the subject as a tool, and have little time to devote to 
genera! theory, the theoretical explanations have been made as 
brief as is consistent with clearness and sound reasoning, and 
examples have been worked in full detail in almost every case. 
Practical applications have also been constantly kept in mind, 
and two special chapters dealing with geometrical and physi- 
cal problems have been introduced. 

The other class for which the book is intended is that of 
students in the general courses in Arts and Science, who have 
more time to gratify any interest they may fee! in this subject, 
and some of whom may be intending to proceed to the study 
of the higher mathematics. I'or these students, notes have 



y Google 



VI PREFACE. 

been inserted in tlie latter part of tlie book. Some of the 
notes contain tbe demonstrations of theorems which, are 
referred to, or partially proved, in the first part of the work. 
If these discussions were given in full in the latter place, they 
would probably tend to discourage a beginner. Accordingly, 
it has been thought better to delay tlie rigorous proof of 
several theorems until the student has acquired some degree 
of familiarity with the working of examples. 

Throughout the book are many historicaJ and biographical 
notes, which it is hoped will prove interesting. In order that 
beginners may have a larger and better conception of the sub- 
ject, it seemed right to point out to them some of the most 
important lines of development of the study of differential 
equations, and notes have been given which have this object 
in view. For this purpose, also, a few articles have been 
placed in the body of the text. These articles refer to 
Eiccati's, Bessel's, Legendre's, Laplace's, and Poisson's equa- 
tions, and the equation of the hypergeometric series, which 
are forms that properly lie beyond the scope of an introductory 

In many cases in which points are discussed in the brief 
manner necessary in a work of this kind, references are 
given where fuller explanations and further developments 
may be found. These references are made, whenever possi- 
ble, to sources easily accessible to an ordinary student, and 
especially to the standard treatises, in English, of Boale, 
Forsyth, and Johnson. 

For students who can afford but a minimum of time foi 
this study, the essential articles of a short course are indicated- 
after the table of contents. 
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PREFACE. VU 

Of tlie eximjlBS nwt a few are niij nal ind many are taken 
from exammati n papeis of Itiliig unneisities. There is 
also 1 lar^e number of examj les wliicb eitlier by reason of 
their frequent use in mechanicil problemb or their excellence 
as eximplesj)*^ se are common to ill eleiientaiy text-boolts on 
differential equations. 

There remains the pleasant duty of making confession of 
my indebtedness. 

In preparing this book, I have consulted many works and 
memoirs; and, in particular, have derived especial help for 
the principal part of the work from the treatises of Boole, 
Fotaytb, and Johnson, and from the chapters on Differen- 
tial Equations in the works of De Morgan, Moigno, Hotiel, 
Laurent, Bousainesq, and Mansion. I have in addition to 
acknowledge suggestions received from Byerly's " Key to the 
Solution of Differential Equations " published in his Integral 
Calculus, Osborne's Einrnples and Sules, and from the trea^ 
tises of Williamson, Edwards, and Stegemann on the Calculus. 
Use has also been made of notes of a course of lectures deliv- 
ered by Professor David Hilbert at Gettingen. Suggestions 
and material for many of the historical and other notes have 
also been received from the works of Craig, Jordan, Picard, 
Goursat, Koenigsberger, and Sehleainger on Differential Equa- 
tions ; from Byerly's Fourier's Series and SpJierical Harmonics, 
Oajori's History of Mathematics, and from tbe chapters on 
Hyperbolic EunctionB, Harmonic Functions, and the History 
of Modem Mathematics in Merriman and Woodward's Higher 
Mathematics. The mechanical and physical examples have 
been obtained from Tait and Steele's Dynamics of a Pai-tide, 
Ziwet's Mechanics, Thomson and Tait's Natural Pliilosophy, 
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Emtage's Mathematical Theory of Electrioity and Magnetism, 
Bedell and Crehore's AUei-nating Oun-e^Us, and Bedell's Frin- 
eijdes of the Transformer. These and many other acknowledg- 
ments will be found in various parts of the book. 

To the friends who have encouraged and aided me in this 
undertaliing, I take this opporininity of expressing my grati- 
tude. And first and especially to Professor James McMahon 
of Cornell University, whose opinions, advice, and criticisms, 
kindly and freely given, have been of the greatest service to 
me. I have also to thanfe Professors E, Merritt and F. Bedell 
of the department "of physics, and Professor Tanner, Mr. 
Sanrel, and Mr. Allen of the department of mathematics at 
Cornell for valuable aid and suggestions. Professor McMahon 
and Mr. Allen have also assisted me in revising the proof-sheets 
while the work was going through the press. To Miss H. S. 
Poole and Mr. M. Macneill, graduate students at Cornell, I am 
indebted for the verification of many of the examples. 

U. A. MURRAY. 

CORNEI.t. TjNIVEE3I-nr, 

April, 1897. 
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DIFFERENTIAL EQUATIONS. 



CHAPTER I. 

DEFINITIONS. FORMATION OF A DIFFERENTIAL 
EQUATION. 

X. Ordinary and partial differential equations. Order and 
degree. A differential equation is aii equation that involves 
diffei'eiitialB or differential coefficients. 

Ordinary differential equations are those in which all the 
differential coefficients have reference to a single independent 
variable. Thus, 

dy = co9,xdx, (1) 






are ordinaiy differential equations. 



(6) 
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2 DIFFERENTIAL EQUA TIONS. [Ch. I. 

Partial differentiol egriations are those in which there are 
two or more iiidepemieiit variahlea and partial differential co- 
efficients with reference to any of them ; as, 

ax ay 

The order of a differential equation is tlie order of tlic 
highest derivative appearing in it. 

The degree of an equation is the degree of that highest deriv- 
ative, when tlie differential coefiicients are free from radicals 
and fractions. Of the examples above, (1) is of the first order 
and first degree, (2) is of the second order and firat degree, 
(4) is of the first order and second degree, (5) is of the second 
order and second degree, (6) is of the first order and second 
degree. In the integral calculus a very simple class of differen- 
tia] equations of which (1) is an example have been treated. 

Equations having one dependent variable y and one inde- 
pendent variable x will first be considered. The typical form 
of such equations ia 

' .,^ ^\ 



/h»,!/.; 






2. Solutions and constants of integration. Whether a differ- 
ential equation has a solution, what are the conditions under 
which it will have a solution of a particular character, and 
other questions arising in the general theory of the subject are 
hardly matters for an introductory course.* The student will 
remember that be solved algebraic equations, before he could 
prove that such equations must have roots, or before he had 
more than a very limited knowledge of their general proper- 
ties. This book will be concerned merely with an exposition 
of the methods of solving some particular classes of differential 
equations ; and their solutions will be expressed by the ordi- 
nary algebraic, trigonometric, and exponential functions. 

* Tor a proof that a differential equation has an integral, wid for 
references relating to this fundamental theorem, see Bote B, p. 160. 
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§2.] CONSTANTS OF INTEGRATION. 3 

A solution or integi-al of a differential equation is a relation 
between the variables, by means o£ which and the derivatives 
obtained therefrom, the equation is satisfied. 

Thus y — iiax is a solntion of (1) ; 

3? + f = r* and y = m,x + rVl + m? 

are solutions of (4) Art. 1. In two of these solutions, y is 
expressed explicitly in terms of x, but in the solutions of dif- 
ferential ecLuations in general, the relation between x and y is 
oftentimes not so simply expressed. This will be seen by 
glancing at the solutions of the examples on Chapter II. 
A solution of (1) Art. 1 Is )/ = sin a; ; another solution is 

y = svas; + c, (1) 

c being any constant. By changing the value of c, different 
solutions are obtained, and in particular, by giving c the value 
zero, the solution y = sin x is obtained. 

A solution of ^^ + ^, = (2) 

is s = sin X, and another solution is »/ = cos x. A solution more 
general than either of the former is ^ = J. since; and it includes 
one of them, as is seen by giving A the particular value unity. 
Similarly y^B cos x includes one of the two first given solu- 
tions of (2). The relation 

i/ = ^eosa:-i--Bsiiici: (3) 

is a yet more general solution, from which all the preceding 
solutions of (2) are obtainable by giving particular values to 
A and B. 

The arbitrary constants A, B, c, appearing in these solutions 
are called arbitrary constaiita of integration. 

Solution (1) has one arbitrary constant, and solution (3) has 
two ; the question arises : How many arbitrary constants must 
the most general solution of a differential equation contain? 
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4 DTFFEUENTIAL EQUATIONS. [Ch, I. 

The answei' can in part be inferved from the consideration of 
the formation of a differential equation. 

3.* The derivation of a differential equation. In the prouess 
of deriving (2) from (3) Art. 2, A and B have been made to dis- 
appear. To eliminate two constants, A and B, three equations 
are required. Of these three equations, one is given, namely, 
(3), and the two others needed are obtained by successive 
differentiation of (3). Thus, 

y = yl sin a; + U cos x, 



dx ' 



= Acosx — B sin x, 



Now consider the general process. This C(iuation 

/Ci,S,c„c^...,c.) = (1 

contains, besides x and y, n arbitrary constants Ci,C2,---,c, 
Differentiation n times in succession T^rith respect to m gives 



die* dxdy dx dy^\dxj dydx' ' 



die*''" '''dydjf- 

Between the original equation and the n equations thus ob- 
tained by differentiation, making ii + 1 equations in all, the 

*8ee B. Williamaon, Difsrenticd Galcultta, Art. Sll ; J. Edwards, 
Differential Oaleuliis, Arts. 606, 507. 
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g 3.J FORMATION OF A. DIFFEBENTIAL EQUATION. 5 

n constants Cj, Cj, ■■■,(;„ can be eliminated, and thus will be 
formed the equatioii 

Therefore, when there is a relation between x and y involving 
n arbitrary constants, the coiTesponding differential relation 
which does not contain the constants is obtained by elimi- 
nating these n constants from the n + 1 equations, made up of 
the given relation and n new equations arising from n succes- 
sive differentiations. There being n differential stie esnlt^ 
ing equation must contain a derivative of the th o de a i 
therefore a relation between x and y, invoh n^ k a 1 tr-i y 
constants, will give rise to a differential equat o of tl e th 
order free from those constants. The equat on ol tamed s 
independent of the order in which, and of the an e n 
which, the eliminations ai'e effected.* 

On the other haud, it is evident that a differential equation 
of the nth order cannot have more than n arbitrary constants 
in its solution ; for, if it had, say n + 1, on eliminating them 
there would appear, not an equation of the nth order, but one 
of the (n -I- l)th order.f 

Ex. 1. From 3? + ^ + 2a3!+2by + c = Q, 

derive a differential equation not containing a, 6, or c. 

Differentiation three times in siicoBssioii gives 

1 +.+»"" 









* See Joseph Edwards, D{,ffereiit(al Calculus, Art. 607, after reading 
Arts. 5, 0, following. 

t For a proof that the general solution of an equation of the nth order 
xactly n arbitrary constants, sec Note C, p. 194. 



y Google 



6 DIFFERENTIAL EQUATIONS. [Ch. L 

The eliminatdoii o£ b from the last two equations giv&s the difEerenlial 
equation required, 



[•-(irji 



Ex 2 Fomi the ilitferential equation corresponding to 

f-Iaj + j: =«" 
by elm mating a 

Ex 3 Eliminate a and |3 from (i - a) -i- {y — p)^ = r'. 

Ex 4 Ehminate m and fi m >/ = >n (a" — -c J 

4 Solutions, general, particular, singular The solution which 
foiitains 1 numbei tf oibitniy constants eqn^I to the order of 
thp equation, la called the gene ul ^ol ition oi the complete inte- 
gtaJ Solutions obtained tlieiefiom, by givin£[ particular values 
to the constants, lie (ailed iMiticulai so/nlions. Looking on 
the differential equation as deiived fiom the general solution, 
the latter is called the complete pnmUive of the former. 

It may be noted that from the relation (1) Art. 3 several 
differential equations can be derived, which are different when 
the constants chosen to be eliminated are different. Thus, the 
elimination of all the constants gives but one differential equa- 
tion, namely (2), for the order of elimination does not affect the 
equation formed. The elimination of all but c, gives an equation 
of the {n — l)tb order ; elimination of all but c^ gives another 
equation of the (jt — l)th order ; and similarly for Cg, ■■■, c„. So 
from (1), ft equations of the (n — l)th order can be derived. 
Therefore (1) is the complete primitive of one equation of the 
rtth order, and the complete primitive of n different equations 
of the (n — l)th order. The student may determine how many 
equations of the first, second, ■■■, (n — 2)th order can be derived 
from (1). 

The general solution may not include all possible solutions. 
For instance, (4) Art. 1 has for solutions, x' + y''=^, and 
y = mx-h rVl + m". The latter is the general solution, con- 
taining the arbitrary constant m, but the former is not deriva- 
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ble from it by giving particulai' values to in. It is called a sin- 
gular sohition. Singular solutions ai-e discussed in Chapter IV. 
The n arbitrary constants in the general solution must be 
independent and not equivalent to less than n constants. The 
solution y = ce""^" appears to contain two arbitrai-y constants c 
and «, but they are really equivalent to only one, for 



and by giving A all possible values, all the particular solutions, 
that can be obtained by giving c and a all possible values, will 
also be obtained.* 

The general solution can have various forms, but there will 
be a relation between the arbitraiy constants of one foiin and 
those of another. For example, it has been seen that the gen- 
eral solution of -j^ + y — is 

y =A amx + B eosx. 
But ^ = c sin (a; + «) la also a solution, as may be seen by sub- 
stitution in the given equation ; and it is a general solution, 
since it contains two independent constant c and a. The lat- 
ter form expanded is 

y — i; cos a sin a- + CRmamsx. 

On comparing this form with the first form of solution given, 
it is evident that the relations between the constants A, B, of 
the first form and c, a, of the second, are 

A = c cos «, and £ = c sin a, 
that is, g 

c = VA^ + B', and a = tan~' "j- 

If the solution has to satisfy other conditions besides that 
made by the given differential equation, some or all of the 
constants will have determinate values, according to the num- 
ber of conditions imposed. 

* See Note D for a criterion of the independence ot the constants. 
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5. Geometrical meaning of a differential equation of the first 
order and degree. 



an equation of the fiist ilegie 
thit ■fthen the equttion of •% t,iine is given in rectangular 
co-ordmites, the taniient of its iliiection at any point is -y-. 
Foi any particular point (t„ j/i), theie will be a corresponding 
particulai value of -^, say mi, deteimmed by equation (1). A 

point that inoies, subject to the restriction imposed by this 
equation, on passing throu^^li (x,, y,) must go in the direction 
m. Suppose it moves ftom (x,, !/i) m the direction nii for an 
infinitesimal distance, to a point (x^, y-^ ; then, that it moves 
from (iBj, ^a) in the direction mj, the particular direction asso- 
ciated with (Xi, y^ by the equation, for an infinitesimal distance 
to a point (xg, y^ ; thence, under the same conditions to (x„ y^, 
and so on thi-ough successive points. In proceeding thus, the 
point will describe a cui-ve, the co-ordinates of eveiy point of 
which, and the direction of the tangent thereat, will satisfy the 
differential equation. If the moving point starts at any other 
point, not on the curve already described, and proceeds as 
before, it will describe another curve, the co-ordinates of whose 
points and the direction of the tangents thereat satisfy the 
equation. Through every point on the plane, there will pass 
a particular curve, for every point of which, x, y, —, will sat- 
isfy the equation. The equation of each curve is thus a par- 
ticular solution of the differential equation ; the equation of 
the system of such curves is the general solution ; and all the 
curves represented by the general solution, talien together, 
make the locus of the differential equation. There being one 
arbitrary constant in the general solution of an equation of the 
first order, the locus of the latter ia made up of a single infinity 
of ctuves. 
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OEOMETHICAL MEANING. 



Ex. 1. The equation 



%_ 



indicates that a point moviug so as to satisfy this equation, moves per- 
pendicularly to the line joiniug it to tlie origin ; that is, it describes a 
circie about the origin as centre. 
Putting tlie equation in the form 

x(lx-\- yi.hj = 0, 
it is seen that the general solution is 

K2 + J/'i = C. 

The circle passing through a pai'ticular point, as (3, 4), is 

a? + a^ = 25, 
which is a particular solution. The general solution tlius represents tlie 
system of circles having ttie origin for centre, and the equation of each 
one of these circles is a particular solution. That is, the locus of the 
differential equation is made up of all the circles, infinite in number, tliat 
have the origin tor centre. 

Ei. 2. xda + y dx = 

has for its solution, xij ~ t, 

Uie equation of tlio system of hyperbolas, infinite in number, that have 
the X and y axes for asymptotes. 



having for its solution, y = mx + c, . 

has tor its locus all straight lines, infinite in iminher, of slope «i. 

6. Geometrical meaning of a differential equation of a degree 
or an order higher than the first. 



is of the second degree in -^, there will bo two values of . '^. 
dx dx 

belonging to ea«h pai-ticiilar point (a;i,y,). Therefore the mov- 
ing point can pass through each point of the plane in either of 
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10 JilFFERENTIAL EQUATIONS. [Ch. L 

two directions ; and hence, two curves of the system which ia 
the locus of the geueval solution pass through each point. 
The general solution, 

must therefore have two different values of e for each point; 
and hence, c must appear in that solution in the second degree. 
In genei-al, it may be said: A differential equation, 

■which is of the wth degree in -i, and which has 

for its general golntion,.hs« for its locus a single infinity of 
curves, there being but one arbitrary constant in <ft ; 



J through each point of the plane. 



e^li 



values at any point ; and hence the constant c must appear in 
the nth degi'ee in the genei'al solution. 

The general solution of a differential equation of the second 
order, 

_/ A\ 
" dx da?) ' 






contains two fwbitrary constants, and will therefore have for 
its locus a double infinity of curves ; that is, a set of curves 
00^ in number. 

Ex.1, *' = 

has for its solution, y = mx + c, 

m and c being arbitrary, 

A line through any point (0, c), drawn in any direction m, ia the locus 
of a particular Integral of the equation. On taking a particular value of 
c, say ci, there wiU be an infinity o( lines corresponding to the infinity of 
values that m can have, and all these lines are loci of integrals. Since to 
each of the infinity of values that c can have there cnrresponds an infin- 
ity of lines, the complete integral will represent a doubly infinite system 
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o£ straight lines ; in other words, the locus of that diffcronlial equation, 
consists of a doubly infinite system of lines. 

This can be deduced from other consideratiouB. The condition 
-=-| = requires, and requires only, tJiat the curve described by the 
moving point shall have zero curvature, that is, it can be aiiy straight 
line ; and there can be oo* straight lines drawn on a plane. 

Ex. 2. All circles of radius !•, m^ in. number, are represented by the 
equation 

where a and 6, the co-ordinates of the centre, are arbitrary. On elimi- 
nating o and b, there appears 



t \c1x) > dx^ 



Thus, the locua of the latter equation of the second order consists of the 
doubly -infinite system of circles of radius r. 

Ex. 3. The locus of the differential equation of the third order, derived 
in Example I, Art. 3, includes all circles, co' ir. number; for it is 
derived from a complete primitive whicli has a, 6, c arbitrary and thus 
represents circles whose centres and radii are arbitrary. 

It will have been obaeryed from the above examples on 
lines and circles, that aa the order of the differential eqttit- 
tion rises, its locus assumes a more general character. 

EXAMPLES ON CHAPTER I. 

1. Eliminate the constant a from Vl - x' + V'T^^=a (x - y). 
8. Form the differential equation of wliicii y = ce"" ' is the com- 
plete integral. 

8. Find the differential equation corresponding to 



4. Form the differential equation of which o (y + c)^ = x^ is the ci 
plete integral. 

5. Eliminate c from y = ex + c — c^. 
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12 diffehential equations. [Ch. i. 

6. EUiiiiiiate c from ay^ = (k — cj''. 

7. Form the differential equation of wliicli e** + 2cxe^ -|- c^ = is 
tlie complete integral. 

8. Eliminate a and b from xy = ae' + be~'. 

9. Form tlie differential equation which has y = a cos (mx + b) for 
its complete integral, a and & being the arbitrary coustanta. 

10. Form the differential equation that represents all parabolas each 
of which has a latus j'eotum lo, and . wltoso lyi c efl ' a i re -ptintHei-tO' the x 

11. Find the diSerential equation ot all circles which pass through the 
origin aud whose centres are on tlie * axis. 

13. Form lie differential equation of all parabolas whose axes are 
parallel to the asia of y. 

13. Form the differential equation ot all conies whose axes coincide 
with the axes of co-ordinates. 

14. Eliminate the coustixnis fvum y'' = ax + bi'. 
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FIRST ORDER AND FTItST DEGREE. 



CHAPTEK 11. 

EQUATIONS OF THE FIRST ORDER AND OF THE 
FIRST DEGREE. 

7. In Chapter I. it has been shown how to deduce from a 
given relation between x, y, and constants, a relation between 
X, y, and the derivatives of y with respect to x. There has 
now to be considered the inverse problem : viz., from a given 
relation between x, y, and the derivatives of y, to find a re- 
lation between the variables themselves. As, for instance, 
the problem of finding the roots of an algebraic equation is 
more difficult than that of forming the equation when the 
roots are given; or as, again, integration is a more difficult 
process than differentiation ; so here, as in other inverse proc- 
esses, the process of solving a differential equation is much 
more complicated and laborious than the direct operation of 
for-ming the equation when the general solution is given. 
An equation is said to be solved, when its solution has been 
reduced to expressions of the forms {f{x)ilx, | <j>{y)dy, even 
if it be impossible to evaluate these integrals in terms of 
known functions. 

The equation f[^,y,'^--;-;n^)=^ cannot be solved in 

every case. In fact, even P-^ -f Q = 0, where F and Q arc 
functions of x and y, cannot be solved completely. It will be 
remenjbered how few in number are the solvable cases in 
algebraic equations ; and it is the same with differential equa- 
tions. The remainder of this book will be taken up with a 
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consideration of a few fecial forms of equations and the 
methods devised for tlieir solution.* 

This chapter will be devoted to certain kinds of equations 
of the first order and degree, viz. : 

1. Those that ai-e either of the foi-m fi{x) dx +fi(y) dy = 0, 

or are easily reducible to this form ; 

2. Those that are reducible to this form by the use of 

special devices : — 
(a) Equations homogeneous in x and y. 
(6) Non-homogeneous equations of the first degree in x 

and y; 

3. Exact differential equations, and those that can be made 

exact by the use of integrating factors ; 

4. Linear equations and equations that are reducible to the 

linear form. 

8. Equations of the form f,{x)dx-i-f,(j/)dy = Q. When an 
equation is in the form 

A{x)dx+f,(j,)dy = 0, 
its solution, obtainable at once by integration, is 
J>,(x)4t+J/,(j)<ij = c. 

If the equation is not in the above form, sometimes one can 
see at a glance how to put it in that form, or, as it is com- 
monly expressed, to separate the variables. 

Ex.1. (1) il-x)dy-(_l-\-!i)dx = 9 

can evidently bo written 

(2) -JM. ^=0, 

"- ' 1 + j 1- ^' 

• The stud«nt h p ed < fi d th tl ods of solving dif- 
ferential equatio w tl k wl dg f h a\ibject than tljat 
imparted in Uie p i g pa, i d d tl t h does this, assuming 
(1) that every diff t I q t tl 1 i dent variable has a 
solution, and (2) th t tl sol ti t, ber of arbitrary con- 
stants equal to th umbe indi t g L rd 
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§ 8, 9.] HOMOGENEOUS EqUATJONS. 15 

whence, on integrating, 

(3) log(I + i/)+log(l -3;)=c, 
and lie lice 

(4) (l-vy){l-x) = <f^^cy. 

In equations (3) and (4) appear two ways of expressing a general 
solution of the same equation. Both are equally correct and equally 
general, hut the one lias the advant^e over the other in neatness and 
simplicity, and this would make it more serviceable in applications. In 
some of the examples set, tlie reduction of the solutions lo forms neater 
and simpler than those which at Srst present themselves, may require as 
much lahour as the solving o! the equations. Tbe solution (4) could have 
heen obtained without separating the variables, it one had noticed that 
(l-x)%-(l+!/)tte is the diflerential of (1 - a;)(l + ?/). Here, as in 
the calculus and other subjects, the experience that comes from practice, 
is the best teacher for showing how to work in the easiest way. Equa- 
tion (1) can also be put in the fonn 

dy — (kt — (xdy + y dx) = 0, 
and another form of the solution obtained, namely, 



Solution (4) reduces to Uiis form on putting Ca for Ci — 1. 

Ex. 2, Solve ^+\jl^ = (i- 
dx \ 1 — E* 

E. 3. so,,. (,-.*). .(^ + 4). 

Ex.4. Solve Se'lAnydK + {1 — e^)sea''ydy = 0, 

9. Equations homogeneous in x and y- These equations can 
be put in the form 

<^ie Mx, y)' 

where /jj/j, are expressiona homogeneous and of the samo 
degree in x and y. On putting 

this equation becomes 
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since each term in /„ /j, is of the same degree, say n,mx; and 
af is thus a factor common to both niimeratoi' and denominator 
of its right-hand iiiember. 
Separation of the variables gives 

dv _dx 
Fly)-,-,!- 
the solution of which gives the relation between x and v, that 
ia, betv?een y and ", which satisfies the original equation. 

Ex. 1. Solve (ti? + f-)3a,-2x!idv = ii. 

Putting j; = ra gives (1 + v'^)dx ~ 2ii(xdv + vdx)= (\, wliicli, on sepa- 
ration of the vai-iaWes, reduces to 



Integrating, loga:(l — v^)= logc. 

On changing the logarithmic form to tlie exponential, and putting .' 
for B, the solution becomes ^ 

Ex. S. Solve ?/2 (!j; + (K!^ + »fi)% = 0. 
Ex. 3. Solve xh/dx -(v?-V y')dy = 0. 
Ex.4. Solve(iy + 3x)^ + y-2x = 0. 

10. Hon-homogeneous equations of the first degree in x and y. 
These equations are of the form 

dy _ ax + iy + c , /j-^ 

dx a'x + b'y + /i' 
For X piit 33' + h, and for y put y' + Jc, where h and k are 
constants ; then dx = dx' and dy = dy', and (1) becomes 
ily' _ ax' + by' + ah + bfc + c 
dx' a'x' + b'y' + a'!i + 6% + c' 
If ft and k are determined, so that 
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then (1) becomes li" 



fly' _ a/x' + hy ' ,., ^ 

dx' a'x' 4- 6'i/'' 
which is homogeneoiis in x' ancl y', and therefore solvable by 
the method of Art 6. 

If (2) has for its solution 

the sohitiou of (1) isjT^x— ft), (y — k)=:<}. 

This method fails when a: b = a': h', h and k then being 
infinite or iaideterminate. Suppose 



then (1) can be written- 

dy __ ax + by + c ^ 
dx~m(_a<c + by)+c-' 

On putting v for ax + by, the latter equation becomes 

dx mv + c' 

where the variables ean be separated. 

Ex.1. Solve (S!i-lx + 7)(lx+i7y'-3x + S)ily = 0. 



Ex.3. Solve (y-Sx + ii)~!- = iy-x~i. 

11. Exact differential equations. A differential equation wbieh 
lias been formed from its primitive by difEerentiation, and with- 
out any further operation of elimination or reduction, is said to 
be exact; or, in other words, an exact differential equation is 
formed by equating an exact differentia] to zero. There has 
now to be found the condition which the coefBcients of an equa- 
tion must satisfy, in order that it may be exact, and also the 
method of solution to be employed when that condition is 
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satisfied. The question of how to proceed when the condition 
is not satisfied will be considered next in oi'der. 

12. Condition that an equation of the first order be exact. "What 
is the condition that 

Mdx + Ndy = fi (1) 

be an exact differential equation, that is, that Mdx + Ndy be 
an exact differential ? In order that Mdx + Ndy be an exact 
differential, it must have been derived hy differentiating some 
function u oi x and f/, and performing no other operation. 
That is, 

du = Mdx + My. 

But du = —dx + ~dy. 

ox ^y 

Hence, the conditions necessary, that Mdx + Ndy be the differ- 
ential of a function w, is tliat 

1/=^, andif=^. (2) 

The elimination of m imposes on M, N, a single condition, 

dy~dx ^'' 

since each of these derivatives is equal to — — - 
ox oy 
This condition is also sufficient for the existence of a func- 
tion that satisfies (1).* If there is a function u, whose differ- 
ential du is such that 

du = Mdx + Ndt/, 

then on integrating relatively to x, since the partial differential 
Mdx can have been derived only from the terms containing x, 

u= i Mdx + terms not containing x, 

that is, u =CMdsc + FQ)). (4) 
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Differentiating both sides of (4) witli respect to y, 

§^ = ±CMdx + '^^^. 
dy dyj dy 

But by (2), — must equal N, hence 

dy dyJ 

The first member of (5) is iudepeodent of a: ; so, also, is the 

second; for differentiating it with respect to a; gives — — — 

ax dy 
which, by condition (3), is zero. Integration of both sides of 
(!)) with respect to y gives 

Hy) =/ { ^ " l-/-^"^^' } % + «' 

where a is the arbitrary constant of iiitegratioii. Substitution 
in (4) gives 

u=^ C Mdx+ C i N -y C Mdxldy + a. 

Therefore the primitive of (1), when condition (3) is satis- 
fied, is 

('Mdx+ C^N-j- C^fdxldy = c. (6) 

Similarly, C Ndy + T-j M--^ C Ndyldx = G 
is also a solution. 

13. Rule for finding the solution of an exact differential equation. 
Since all the terms of the solution that contain x must appear in 
I Mdx, the difEerential of this integral with respect to y must 
have all the terms of Ndy that contain, sc; and therefore (6) 
can be expressed by the following rule: 

To find the solution of an exaet differential equation, 
Mdx + Ndy = 0, integrate Mdx as if y were constant, integrate 
the terms in Ndy that do not contain x, and equate the sum of 
these integrals to a constant. 
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Ex- 1. Solve {x:-'-4:X!/'-2y^)ax+{!/'-ix!j-2x')<l'j = 0. 

Here, 2^ ~~iXr- iy — ^— ; lienoe it is an exact equation. 
dy dx 

\ Mdy, is ^ — 2i^ — 2a;!/2; y'^dyis the only term in Ndy free from x. 
Therefore tlie solution is 

f-2..!,-2«,. + | = ,., 
or w* - 6 x^y - 6 ^y^ + y' = e. 

The application of tlie test and of the rule can sometimes be simpUfled. 
By pickii^ out the tenna of Mdx + NA'j that obviously form aa exact 
differential, or by observing whether any of the terms can take the form 
/\M)rfi(, an expresBiou less camberaume than the original remains to be 
tested and integrated. 

For instance, the terms of the equatiiiu iu this example can be rear- 
ranged thus : 

a^du + I/' dy - (4 a:y + 2 j('')dx - (4 J:y + 2 j;^)% ^ 0. 

The first two terms ai-e exact differentials, and the test has to be applied 
to the last two only. 

Ex.2. >a> + .* + "-1l^ = 



becomes, on dividing the numerator and denominator of the last ti 



ach term of which Ik an exact differential. Integrating, 

^' + s ^ I ,„.,-i y _ ,. 

2 "^ a; '■ 

Ex. 3. Solve {d''-2xy -y'^)Ax\ix-iy)hly=^^. •' 
Ex.4. Solvfe (2a3; + 6j; + !f)dic+(3ci;-l-6x + e)dy = 0, 
Ex.6. Solve {^x^y-\-i3'^-nxy-^A-t-'f-x0 + e^'')dy 

-^{Xlr:^'j + 'J.xy^ + 4s;3 - 4^3 + 2y«^ - 
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14. Itttegrating factors. The differential equation 

ydx — xdy = Q 

is not exact, but when multiplied by — j it becomes 



which is exact, and has for its solution 



When multiplied by — , the above eijuatioii becomes 
da; dy . 

which is exact, and has for its soUition 
log ar - log ?/ = c, 

which is transformable into the solution first found. Another 
factor that can be used with like effect on the same equation 

iBi. 

Any factor a, such ss --., — , —., i.ised above, which changes 

an equation into an exact differential equation, is called aw 
integrating factor. 

15, The number of integrating factors is infinite- The num- 
ber of integrating factors for an equation Mdx + Ndy = 0, is 
infinite. For suppose ^ is an integrating factor, then 

,x{Mdx + Ndy) = du, 
and thus m = c is a solution. 

Multiplication of both sides by any function of u, say/(M), 
gives 

^f(u){Mdx + m>j)=fiv;)du; 
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but t,he second member of the last equation is an exact liiffei- 
ential ; therefore the first is also, and hence /tfiii,) is an inte- 
gi'ating factor of the equation 

Mdx + my = 0\ 
and as /(w) is an arbitrary function of m, the iinmber of in- 
tegrating factors is infinite. This fact is, however, of no 
special assistance in solving the equation. 

16. Integrating factors found by inspection. Sometimes inte- 
grating factors can be seen at a glance, as in the example of 
Art. 14. 

Ex, 1, Solve ydx — xd!/ + \ogxdx = 0. 

Here logaiiK is an exact difierential, and a factor is needed (or 
ydx~xdy. Obviously -t is the factorlobeemployed, asit will not affect 
the third term injnrionsly, from the point of view of integration. The 
exact equation is tlien 



= 0, 



y dx - xdy log» 

the solution of wliicli reduces to 

ox + y + \ogx + -i=(i. 
Ex, 3. Solve (1 + xy)yax + (I - 3:y)xdy = 0. 
Rearranging the terms, ydx + xiiy + xy^<lx — 3?yily — 0, 
that is, d^xy) + i^dx - x^dy = 0. 

For this, the factor — ^ immediately suggests itself, and the equalion 
xY 
tecomes 

dixy) , <^ _ % „ Q 
x:^ X y ~ ' 

Integrating, w — + log- = ci, 

and transforming, x = eye"*. 

It will be well to try to find an integrating factor by inspection, before 
having recourse to the rules given in Arte. 17, 18, 19. 
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Ex.3. a{xdy + 2ydx) = x>jdy. 

Ex.4. (9;V-2uiis;^)(te + 2mjij% = 0. 

Ex.5. y(2xy + e')dx-e'dy = 0. 

17. Rules for finding integrating factors. Rules I. and II. 

Rules for finding integrating Cactors in a few cases will now 
be given.* 

Rule I, Wlien Mx ■+■ JVy is not equal to zero, and the equa- 
tion is homogeneous, is an integrating factor of 

Mx + Ny 

Mdx + Ndy = 0. 
Rule II, When Mn — Ny is not equal to zero, and the 
equation has the form 

f^ixy)yOx-\-fi{xy)xdy = (i, 
s an integrating factor. 



Mx - Ny 



d^^m^iMy.- N>r^('^-&-\' 



Mdx + my = ^1 (ilCc + N]i) r^- + ':!^\ + {Mx~ Ny) f ^ - '^-\ ]- 
is an. identity. This may be written, 

<a) Mdx + Ndy— ^ I (_Mx + Ny)d ■ \ogx.y ->- ( Mz - Ny)d-iog-\- 
Division of (a) by Mx + Ny gives 

. 1 1 . ^^ — Ny , , X 



Mdx + Nly , J , , ,Mx- Ny J 



Jllx — Nil 
Kow if Mdx + Ndy is a homogeneous expression, ^— ' is 

geneous and equal to a function of -. and 

Mdx + Ndy , , , ,^(A^ i '-^ 



*■ For a discussion on and detfimmation <.i i 
GeQrgeBoole, Dtffereittml Eqiiitions pp 65-90 
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3: + Mi/ ^ + Apf log*\(i . log-, 

X. + Ny '■ '= ^^^ \ "yl ^y 



■nihich is an exact differential. 

On diyiding (a) by Mx — Ny, it becomes, 



jadx + Ndy _, Mx+ JVy 

Mx — Ny ~ Mm — Ny 



^fl-logxy + id-\og~, 
at Mdx + Ndy iao[theioTmfi(^xy)ydx+f2(_xy)xdff, tUis will be 



Mx~Ny ^ fi.ixy)xy - /i{xy)xy ^"-^^ " y 
= Fi{xy)d ■ \ogxy + ^a- log j< 
^ F2(log xy)d . log 3!y + ^ rf . log ^, 
which is an exact differential. 

When jU^ + iVy = 0, ^ = --- SubsLilulion for "^ iii 

Mdx + Ndy = 
and integration gives the solution x = cy. 

When Mx- Ny = 0, ^ = S^. Substitution for ^' in the diffRrential 
N X N 

equation and integration gives the solution xy = c. 

Es. 1. Solve (s^y - 2 xy^yix -(x^-3 i^yjdj/ = 0. 

Ex. 2. Solve Ex. 3, Art. 9, by tliis method. 

Ex. 3. Solve y(xy + 2 x'Y)'^^ + '^i^-'J ~ ^V)'i'J - »■ 

18. Rules III. and IV. 

Rule III. When '^^ ^^'^ \s a function of x alone, say f(x). 
gffliidj^ is an integrating factov. 
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§ 18, 1».] RULES FOE INTMaUATING FACTOSS. 25 

For, multi plication of Mdx+ Ndy = Q by tliat factor gives, 
say, Mfdx + N^dy = 0; aad differentiation will show that 
dM,^dN,^ 
dy dx 

Ex. 1. ix^-\-y^ + 2x)dx + 2ydy = 0. 
Ex. a. (k'^ + y^)dx - 2 a;y dy = 0. 

dN_dM 
EiiLE IV. When if^—i!^ isafanctionof j^aloiie, say F(.'/). 
^iFtjf)^ ia an integrating factor. 

This can be shown in the same way as in thu pi-ecediog rule. 
Ex. 3. Solve C3^;V + 2a:!/)lic + (2J^V-a:2)|:^9 = '>. 
Es, 4. So\ve(y' + 2y)dx + (mi/' + 2y*'-ix)dg-0. 

19.* Rule V. x"'~'~''y""~'-^, where k has any value, is an 
integrating factor of 

xH/^ (ray dx-\-nx dy') = 0, 
for on using the factor, the equation becomes 

Moreover, when an equation can be put in the form 
x-y^iinydx + 'nxdy) + x^y»x{^n^ydx + n,xdy)=0, 

an integrating factor can be easily obtained. A factor that will 
make x'y^{mydx + nxdy) an exact differential ia af"-'-'^"'-'-?^ 
where k has any value ; and a factor that will make 

x>ty^i (miy dx + n,x dy) 
an exact differential is 3!'i'^"'-'"ii/'i"i-'-^i, where ki has any value. 

* See L'Abbe Moigno, Calcul DiffirenUel et IiiUiiral (published 1844), 
t. ir., No. 147, p. 355 ; JoUnson, Differential Equations, Art. 32. 
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26 DIFFEBMNTIAL EQUATIONS. [Cii. II. 

These two factors are identical if 

Ki/t — 1 — w = «im, — 1 — «i, 
and «ji - 1 - ;3 - KOh -1-13,- 

Values of k and ki can be found to satisfy these conditions. 

Ei. 1. Solve (iy^~2yx,^)dx+(2xf~xHy)=^0. 

Rearranging in the form above, 

y\y dx + 2xdy)- x\2yilx + a: dy) = 0. 

For tiie first terra a = 0, fi = 2, ni = 1, n = 2, and herioo a;''-^^^'-^ is 
its integrating factor. For llie second, term a = 2, = 0, m = 2, » = ], 
and hence 3;2.--i-!^ic--t jg jtg integrating factor. 

These factors are the same it 



On solving for k and «', k = 2 = «', and therefore xy is 
integrating factor for botli terms. 
The equation when made exact is 

xyly^(,ycU + 2xdy)-x\2iidx + icai/)} = 0. 

El. 3. Solve (_23i^-'Sy*)dx+(Bx'' + 2xjf')dy = 0. 
Ex.3. Solve (y^ + 2x^y)ax + (2i^-xy)dy = 0. 

20. Linear equations, A difEerential equation is said to be 
linear when the dependent variable and its dorivativcs appear 
only in the fii-st degree. The form of the linear equation of 
the first order is 

!+«/=«, (1) 

whei'e Pand Q ate functions of x or constants. 
The solution of ^ + Py = 0, 



that is, of ^ = _ Pdx, 
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is y = ce-i'^, or yei''^ = c. 

On differentiation the latter form gives 

which showa that ei^^ is an integrating factor of (1). 

Multiplication of (1) by that factor changes it into the exact 
equation, 

Jp*' (dy + I^dx) = e^'^Qdx, 
which on integration gives 

or y = e-/™' \j'eS''"'^Qdx + cl ■ (2) 

The latter can be used as a formula for obtaining the value 
of )/ in a linear equation of the form (1).* The student is 
advised to make himself familiar with the linear equation and 
its solution, since it appears very frequently. 



y and -^- Putting it 



Ex. 1 


. Solve 


»l-»-+i- 




Thisi 


B lineal' i 


dnet it is of the first degree in y 


e regular form, 


it becomes 








1-i' 


-'¥■ 


Here 


P = -2 


, and the iiitegrati- 


ng factor J'*' 


Using 


: that factor, tbe equation changes to 






i*~-2- 


•ite = 5-i^da. 



"fl^" 



"Gottfried Wilhelm LeibnlE (1640-1716), who, it is generally admitted, 
invented the differential calculus independently of Newton, appeal's to 
have been the first who obtained the solution (2) . ' 
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Tbe values of J* and § might have been sutistituted in the value of y 
IB expressed in (2). 

Ex. 3. So\ye'}l+y = e^. 



Ex. 4. Solve {X + 1)^ -„y^. e'(x + 1)-+'. 

Ex.5. Solve (a;2+ l)-^ + 2xy = 4iK2, 

21. Equations reducible to the linear form. Sometimes uqua- 
tions not linear can be redncecl to the linear form. In particu- 
lar, this is the case with those of the form* 



^+P,j=Q,j; (I) 



where P and Q are functions of x. Eor, on dividing by y" a 
multiplying by (— u + 1), this equation becomes 

(-» + i)r-|+(-« + i)Pr ■*■ = (-•> + 1)8; 

on putting v for ?/"""'"', it reduces to 

|+(,-.)P.=Ci-»)«, 

which is linear in v, 

Ei. 1. Sotej^ + l » = .■,•■ 



nl,yj.Bi™s r''i? + '-^ 



* Tills 1b also called BernouUi's equation, aftec James Bernoulli (lQt)i~ 
n05), wlio studied it in 1095. 
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NoTB. In general, an equation of the form 

\^^BPaiid Q are functions of if, on tlie substitution of u for /(j) becomes 

wliich is linear. 

E.I. 2. Solve (1 + y^)dx=(ts,n-'y~ x)dy. 
This can be put in tlie form 

dx. ^ 1 jj. _ tan-'j/ ^ 

dy 1 + !/3 1+ y' ' 

whicli is a liaear equation, y being lakeu as the independent variable. 
Integration as m the last article gives tlie solution 
X = tan-i y-l+ ce-""""*. 
Ex.3. Solve ^ + ?u = 3a:2«^ 

E^. 4. Solve ^ + -^ = ^,i. 

Ex. 5. Solve3^(l-a:2)y2^-^_,.(2:c2-l)j;« = (ix3. 





EXAMPLES 


ON 


CHAPTER 11. 


Solve tlie fnUowing oqujitioiis : 








1. {x + yy 


dx 






6. (^'^ 


-i/>^')5+ J" + «■=». 


2. .|-!, = V^T?. 
4. SBO%tiui^^+seo*s(tan 


xdy= 


-.0. 


7. 3^ 
dx 


1 -2a; 




8. (.2x-y 


+ I)dx + i2y~x 


- l)dy = 0. 




9 ^ + - 


J^ 


1 


(i-»') 


"^ 




^■^^, 


-3?) 


" 




10 ■r'^4.^ 


'_ 









11. (3? + ^ - a^jatlK +(^2 - 9' - 6^)!/% = 0- 



y Google 
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■ ^'^ x' + l^ {3;' + !)"' 



■^")£ + (.2x^-l}U = 



13. x'^iidx,-{x>i + y^)dy = 0. 15. {:r:^ + f + y)dz - 2 x>j dy :^ 

16. xdx + ydy = in(xdy-ydx). 

17. Integrate Ex. 16, atter changing the variables by the transform a ti 

18. {l + ^)dx+^il--)dy = 0. 21. ^=a:V-*5'- 

IB. ^ + y(Msx = y"siu2x. 33- yd» + iax^y^ -2x)dy = 0. 

34. J/(:c^ + 6(^4- «^)^ + >:(^;^ + y^ - <'0 = 0. 



(a^!/' + c(y)da = dx. 


29, ydy-\-'byHx = aaa&xdx. 


dy 


30. 2a;!)d^ + (y2_ai)dj,=:0. 


V^. + ^.|+y = V«^ + ^. 


-a;- 31. (j^ - e"~)ii« - s^sfdi/ = 0. 



83. (3;/ + 23: + 4)c!a;-(4a; + 6i/ + 5)d^:=0. 
34. (KV + 3%'' + ay + l)!; + (KY-»Y-a;y+ 1)^£ = 0' 
35. (2»V+!/)^-(»V-3*)%=0. 37, g + ^y = |^. 
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2.] EQUATION'S NOT OF THE FIRST DEGREE. 



CITA-PTEU Til. 



22. Equations that can be resolved into component equations 
of the first degree. In what follows, :- will be denoted by p. 

The type of the e<iuation of the first order and nth degree ia 
p- + P,p"-i + Pji)-^ 4- .-■ + P„_jP + P„ = 0, (1) 

where Pi, Ps,--', P„, are fnnetiona of x and ?/. 

Two cases appear for consideration, viz. : 

(a) where the first member of (1) can bo rcsolvud into 
rational factors of the first degi'ee ; 

(b) where that member cannot be thus factored. 
In the first case (l) can take the form 

(p ~ B,)(P - -E.) - (P - -K„) = 0. (2) 

Equation (1) is satisfied by a value of y that will make any 

factor of the first member of (2) equal to zero. Therefore, to 

obtain the solutions of (1), equate each of the factors in (2) to 

zero, and obtain the solutions of the ji equations thus formed. 

The n solutions can he left distinct or combined into one. 
Suppose the solutions derived for (2) are 

/.(a^ y, Ci) = 0,f,{x, y, c) = 0, ••■,/,(x, y, «„) = 0, 

where Cj, Ca, ■■-, e„ are the arbitrary constants of integration. 
These solutions are evidently just as general, if Cj = Cj = ■•■ 

= c^ since all the c's can have any one of an infinite number 

of values ; and the solutions will then be 
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82 DIFFERENTIAL EQUATIONS. | 

f,(x, y, c) = 0, f,(x, y, c) = 0, -,/„(:c, y, c) = 0. 
Tliese can bo combined into one equation ; namely, 
/,(fi,j,c)/,(j,,!/,c)..-/.(i-,s,c) = 0. 

Ex, 1. p^ + '2 xp'^ — j/'p'^ — 2 xy^p = 0, call he written 

p(p + 2x){p-y^)=l}. 
Its component equations are 

p=:0, p + 2j: = 0, 2>-y'' = 0, 
of wliicli tlie solutions arc 

y = c, y + 3? = c, and xy + i:y + 1=0, 
respoctively. The combined solution is 

(V - e)Cy + ■£''- c)(^y + c!/ + 1) = 0. 



When the equation in p is of the second order, i 


Bometimes the aolutjon 


adily presents itself in the lonn (3) as m the ne: 


(t example. 


Ex. a. Solve ('llj^ax^ = (,. 




a=.A!. 




Integrating, y + c = ± f akc^. 




Rational iziTig, 25(i/ + c)^ = 4 ax\ 




2[i(y + cy'-iax^ = 0. 




Ex. 3. Solve })=(j: + 2 y) + Sp^C^^ + i() + (y + 2 . 


x)p = 0. 


Ex.4. Solve (g)'=«^. 




Ex.5. Solve 4!/V + 2pj;y(33; + l) + 33« = 0. 




Ex. 0. Solve p^-7p + \2 = i). 





23. Equations that cannot be resolved into component equations. 
Methods wliich may be tried for solving equation (1) of the 
laat article, when its first member cannot be resolved into 
rational linear factors, (case (6) Art. 22), will now be shown. 

That equation, which may be expressed in the form 
f(:c, y, p) = 0, 
may have one or more of the following properties. 
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EQUATIONS SOLVABLE FOR y. 



(a) It may be solvable for y. 

(b) It may be solvable for x. 

The case where it is solvable for p has been coiisiilcred in 
the preceding section. 

(c) It either may not contain x, or it may not contiiin y. 

(d) It may be homogeneous in x and y. 

(e) It may be of the first degree in x and y, 

24. Equations solvable for y. When the condition (m) holds, 
f{x, y,p) = can be put in the form 
y = F{x,p). 
Differentiation with respect to x gives 

. = *(.,„ 1), 

which is an equation in two variables a: and j); from this it 
may be possible to deduce a relation 

The elimination of p betwreen the latter and the original 
equation gives a relation involving a;, y, and c, which is the 
solution required. 

"When the elimination of p between these equations is not 
easily practicable, the values of x and y in terms of j» as a 
parameter can be found, and these together will constitute the 
solution. 

Ex., 1. Solve X — yp = <ip'. 

Here y p 

Differentiating and clearing of fractions, 

This can be put in the linear form 



Pil-P'y 
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Substituting in the value for y above, 

y= - ap + - 

Ex.2. Solve y = x + atsji-^p. 

Ex.3. Solve iy = 3? + p\ 

Ex. i. Solve Kp2 -2yp + ax = li. 

25. Equations solvable for x. Wlien condition (b) liolda, 
f(x, y,p) ^=(1 can be put in the foi'in 

Differentiation with respect to y gives 



from which a relation between p and y may possibly be 
obtained, say, 

Between this aiid the given' equation p may be eliminated, or x 
and y expressed in terms of p as in the last article. 

Ex.1. Solve x — y + p''. 
Ex. S. Solve x = y + a'[ogp. 
Ek, 3. Solve j)^ + 2px = y. 

26. Equations that do not contain k; that do not contain y. 
When the equation has the form 

and this is solvable fory, it will give 



which is integrable. 
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§26-27.] EQUATIONS HOMOGENEOUS IN x AND y. 35 
If it is solvable for y, it will give 

wMch is the case of Art. 24. 

When the equation is of the form 

/(^■,i>)=0, 
and this is solvable for^, it -will give 

dx ^^'' 
which is immediately integmble. 
If it is solvable for x, it will give 
x = Flj,), 
which is the case of Art. 25. 

It is to be noticed that in equations having either of the 
properties (c) Art. 23 and not solvable for p, on solving for 
X or y the differentiation is made with respect to the absent 
variable. 

By differentiating in eases (a), (b), (c), there is a chance of 
obtaining a differentia! equation, by means of which another 
relation may be found between p and a; or y in addition to the 
original relation. These two relations will then serve either 
for the elimination of p, or for the expression of x and y in 
terms of p. 

Ex. 1. Solve s = 2ji + 3p^ Ex.3. %i>\ie -jfl = aHl -I p^) . 

Ex.2. Solve 3^(l +j)3)= 1. Ex, 4. Solve j(= = «=(! +p2). 

27. Equations homogeneous in a; and y. When the equation is 
homogeneous in x and y, it oan be put in the form 

-(I'D-' 
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It may be possible to solve this for -A and then to proceed 



which eoines under case (a) Art. 23. 
Proceeding as in Ait. 24, differentiate with ccspect to a:, 

P=/(p)+xf'(2y)-£^; 

dx f ( p) lip 

whence — == ■' ^■'J, \ , 

X p -fip) 

where the variables are sepai'ated. 

Ex. 1. Solve y^ + xyp- x^p^ — 0. 

Ex.2. Solve y = yp'^ + 2 px. 

28. Equations of the first degree in x and y. Clairaut's equation. 
When the condition (e) Art. 23, holds, the equation, being 
solvable for x, and for y as well, comes under cases (a) and (b) 
considered in Arts. 24, 25. However, there is one particular 
form of these equations of the first degree in x and y that 
is of special importance, namely, 

y=I)x+f{p), 
which is known aa Clairaut's equation.* 

Differentiation with respect to x gives 

whence a'+/'{p) = 0. 

dp . 
or ■—, ~ 0- 

* Alexis Claude Clairaut (1713-1765), celeljratiid for bis rescarolics on 
the figure of the earth, and on the motions of the moon, was the first 
who had the idea of aiding the integration of differential eq^uatioas by 
diSerentiatiug them. He applied it to the equation that now hears his 
name, and published the method in 1784. 
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§28,1 EQUATIONS OF F1B8T DEGREE Ili X AND y. 61 

From the latter equation, it follows that p — c, and honce 

y = cx 4-/(c) 
is the solution. 
The equation x +f' (p) = is considered in Ai't. 34,. 
Any equation satisfying eonditiou (e) can be put in the form 

If f,{p) ~p, it is in Clairaut's fonn. By proceeding as in 
Art. 24 and differentiating with respect to x there is obtained 

i'=/.(2') + SVi'(i')+/.'(p)!£- 
'■ dp p-Mp) p-fi{p) 

which is linear in x ; and from this a relation between x and p 
may be deduced. 

The student should be familiar enough with Clairaut's form 
to recognize it readily. 

Some equations ai'e reducible to this form; Ex. 2 is an 
illustration. 

Ex. 1. Solve y = (_i +p)x+pK 

Difterentiating, p = i+p + (x + 2p) f- 



and hence y =: 2 ~ p^ 4 (1 + p)ce-p 

from tlio given equation, 

Ex. 3. Solve x^(j) — pz) = y^. 

Oq putting a? = u, and j/^ = u, tlie equation becomes 
_ dv / dvY 
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Ek. 3. Solve y = xp + sin -'p. 
Ex.4. Solve e»'(j>-l)+eV = 0. 
Ei. 6. Solve xy(y —px)=x+p»/. 

Solving for a or y may be of service in the case of equalions of the first 
degree in p ; this is illustrated in Ex, 6. 

Ex.6. Solve ~ + 2iey = x'' + y^. 
The solution for y gives tlie equation y = a; + Vp, 
which is of the form discussed in Art. 24. 
The solution is y = x + ''"^ ^ , 

29. Summary. What has been said in fhis chapter con- 
cerning the 6C[Eation f(x, y, p) ~ 0, of degree higher than the 
first in p, may be thus summed np : 

Either solve f{x, y, p) = for p, and obtain a solution cor- 
responding to each value of p ; or, 

Solve for y ov x, and, by differentiating with respect to a; or 
y, obtain an equation, whence another relation between p and 
X or y can be found. This new relation, taken in connection 
with the original equation, will serve either for the elimina- 
tion of p, or for the evaluation of x and y in terms of p ; the 
eliminant or the values of x and y will be the solution. 



EXAMPLES ON CHAPTER 
2. y=p(.x-b)+l- 



8. ayp'^ + (2x-b)p^y = 0. 

7. v — px=Vl + p^(x^ + y^). 

8. (xp-yy=a{l+p^){^+y'')^. 
1. y = -xp + xSp'^. 

10. 3pY-2Kyp + 4y2-a;^ = 0. 

U. (1? + 5")a+f)'-2(» + »Cl+P)(» + W) + (» + »)■ = »• 
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18. (p!, + „). = W + «-)(l+,'). ^^ (,,_,,,.! V.^JiUo^ 

13. s2(l-p2):=6. ^ a--ic/\, yx/ 

14. ClM-S()(l.!/ + a)=ft^j.. 17- >i + ;^^--^- = «. 

15. i^ + 2pyaQtx = -f. 18, a - 2px =/(9;j)^). 

19. X!/p'^ + p{3x'^~2y^)-6xy = 0. 

20. p'- 4 3:^ + 8^2-0, 

81. p' - («= + ly + )/=)p' + (K% + LcV + x)i')p - xY = 0. 



. e^{p -l) + pS(!^ = 0. 



»/ - (1 + p«) J = i 

■(p-l) + p*e2i' = 0. m 

26. y = px-V — 

27. !/^2pK + !)V- 
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CHAPTER IV. 

SINGULAR SOLUTIONS. 

30. References to algebra and geometry. In this explanation 
of singulai' solutions,* use will be made of a few definitions 
and principles of algebra and geometry; particularly of the 
discriminant in the one, and of envelopes in the other. Arti- 
cles 31 and 32 will serve to recall some of tliem The student 
is advised to consult a ^ oik on the theory of ei^uations and a 
differential calculus concerning these points 

31. The discntninant. The discriminant of an equation in- 
volving a single vaiiable is the simplest function of the coefl- 
cienta in a lational mtegial form, whose vanishing is the 
condition that the equation have two eqaal roots. For exam- 

; and so 

the condition that the equation have equal roots is that li' — iao 
be equal to zero. The discriminant is b^ — 4ac; the equation 
6' — 4ac = will be called the discriminant relation. 

* Leibniz in 1094 (see footnote, p, 27), Brook Taylor (1685-1731), the 
liiscoverer oi the theorem called by his name, in 1715, and Clairaut (see 
footnote, p. 38) were the first to cietect singular solutions of differential 
eqnatlons. Clairaut refers to these solutions in a pj 
memoirs of the Paris Academy of Sciences tn 1734. Their gi 
significance was first pointed out by Lagrange (see footnote, p. 165) in 
an article published in the Memoirs tif (Ae Berlin Academy of Sciences 
In 1774, in wMcli he also showed a way of obtaining them. The theory 
at present accepted is that expounded by Arthur Cayley (1821-1896) in 
an article in the Messenger of Mathematics, Vol, II., 1872. 
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When the equation is quadratic, tlie disfiviininant can he 
written immediately ; but when it is such tiia,t tlie condition 
for eqnal roots is not easily perceived, the discriminant ia found 
in tlie following way. The given equation heii^ F= 0, form 
another equation by differentiating F with respect to the vari- 
able, and eliminate the variable between the two equations. 

For example, 

may be looked on a8 an equation in c, its eoefficiente then being 
functions of x and y. The simplest rational function of x and 
y, whose vanishing expresses that the equation i^(a:, ^, c) = 
has equal roots for e, is called the c discriminant of ^, and is 
obtained by eliminating c between the equations, 

Thus the c discriminant relation represents the locus, for each 
point of which ^ (x, y, c) — has equal values of c. 

Similarly, tlie p discriminant of f{x, y,p) = 0, the dlfEerential 
equation corresponding to ^ (x, y, c) = 0, is obtained by elimi- 
natingp between the equations, 

/(.,,„) = 0, 1=0. 

Thus the p discriminant relation represents the locus, for each 
point of which f{x, y,p)=0 has equal values of p. 

In order that there may be a c and a p discriminant, the above 
equations mast be of the second degree at least in c and p. In 
Art 6 it was pointed out that these equations are of the same 
degree in c and p, and hence, if there is a p discriminant, there 
must be a c discriminant. 

32. The envelope. If in •^•(x, y, c) = 0, c be given all possible 
values, there is obtained a set of curves, infinite in number, of 
the same kind. Suppose that the c's are arranged in order of 
magnitude, the successive c's thug differing by infinitesimal 
amounts, and that all these curves are drawn. Curves cotre- 
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sponding to two cousecutivc Yalues of c are called consecutive 
curves, and their intersection is called an Mft)m«fe point of 
intersection. The locus of these ultimate points of intersection 
is the envelope of the system of curves. It is shown in works 
on the diiferentifi! calcnlus, that the envelope is part of the 
locus of the equation obtained by eliminating c between 

4>(x,y,c) = G, 

and ^ = 0; 

dc 

that is, the envelope is part of the locus of tlie c discriminant 
relation. This might have been aril;icipated, because in the 
limit the c's for two consecutive curves become equal, and the 
c discriminant relation represents the locus of points for which 
if,(x, y, c) = will have equal values of c. 

It is also shown in the differential calculus, that a,t any 
point on the envelope, the latter is touched by some curve of 
the system; that is, that the envelope and some one of the 
curves have the same value of ^ at the point. 

33. The auigular solution. Suppose that 

f(i^,y,p) = (1) 

is the differential equation, which has 

,f,(x,y, c)^0 (2) 

for its solution. It has been seen, in Arts. 4-C, that the system 
of curves which is the locus of /(«, y, p) = is the set of 
curves obtained by giving c all possible values in (2). The 
X, y, p, at each point on the envelope of the system of curves 
which is the locus of (2), being identical with the x, y, p, of 
some point on one of these CTirves, satisfy (1). Therefore the 
equation of the envelope is also a solution of that differential 
equation. This is called tlie singular solution. It is distin- 
guished from a particular solution, in that it is not contained 
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ill the general solution; that is, it ia not derived by giving 
the constant in the general solution a particular value. 

The singular solution may be obtained from the differential 
equation directly, without any knowledge of the general solu- 
tion. For, at the points of ultimate intersection of conseciitive 
curves, the j/a for the intersecting curves become equal, and 
thus the locus of the points where the j>'s have equal roots 
will include the envelope ; that is, the p discriminant relation 
of (1) contains the equation of the envelope of the system of 
curves represented by (2). In the next ai-ticle, it will be shown 
that the p and c discriminant relations may sometimes repre- 
sent other loci besides the envelope; that is, they may contain 
other equations besides the singular solution. The pai't of 
these relations that satisfies the differential equation is the 
singular solution. 



>=-'■» -I +-^Riy. 



which is in Clairaut's foiin. has for its solution 

This, on rationalization, heoomes 

fiitfi - ce^) + 2 exy + «= - y^ = 0, 
and hence the condition for cqua,l roots is . 

Thj& rehtion satisfies the y^era equition, inii hence is the Hinnnlii 

In this esimple, the general integn,! represents the sisttm nt lines 
y =c£-\- oVl + C", all ot which touch the circle i^ -H (/^ = a^ 

Ex. 3. Fmd the general and the singular solutions of ^ + a-jt — ;/ = 0. 

Ex. 8. Knd the general and the singular solutions of dyVi = dxVy, 

Es. 4. Find the singular solution of a^* — 3 xyp + 2y^ + ^ = 0. 

Ex. 5. Fiud tlie general and the singular solalioiis of 
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34. Clairaut's equation. In finding tho solution of Claiiaut's 
form in Ai't. 28, tliere appeared the eqnation 

x+f'{p)=.0, (3) 

which is as Importajit e 
with it. I'he foregoing shows -what part equation (3) plays in 
solving Clairaut's equation. On differentiating y = px-\-f(p) 
with respect to p, (3) is obtained. The elimination of p 
between these two equations gives the p discriminant relation, 
which here represents the envelope of the system of lines 

y^cx+f{c) 
represented by the general solution. 

35. Relations, not solutions, that may appear in the j) and c ais- 
crlminant relations. It has been pointed out that the p dis- 
criminant relation of f(x, y, p) = represents the loeus, for 
each point of which f(<e, y, p) = will have equal values of p ; 
and that the c discriminant relation of ^ (x, y, c) = 0, the gen- 
e'ral solution of the former equatioQ, represents the locus for 
each point of which ^(cb, y, c) = will have equal valiree of c. 
It is known also that each point on the envelope of tlie system 
1^(3!, y, c) =.0 is a point of ultimate intersection of a pair of 
consecutive curves of that system ; and, moreover, that at each 
point on the envelope there will be two equal values of p, one 
for each of the consecutive curves intersecting at the point; 
and that, therefore, the singular solution, representing the 
envelope, must appear in both t.he p and the c discriminant 
relations. But the question then arises, may there not be 
other loci besides the envelope, whose points will make 
f{x, y, p') = give equal values of p, or make <j> (x, ?/, c) = 
give equal values of c '' In other words, while the p and the 
c discriminant relations must both contain the singular solu- 
tion, which lepresenti the envelope if there be one, may they 
not each contara ^something else? 
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36. Equation of the tac-locus. At a pohit satisfyiag the p 
disciiminaiit relation tlieve are two equal values of ji; tliese 
ecLual p's, however, may belong to two curves of the system 
that ai'e not consecutive, but which happen to touch at tiie 
point in question. Such a point of contact of two non-consecu- 
tive curves is on a locus called the tac-locits of the system of 
curves. The equations representing the tac-locus, while thus 
appearing in the p discriminant relation, will not be contained 
in that of the c discriminant ; since the touching curves, being 
non-con secntive, will have different c's. 

Ex. Examine y^(l+^) = t^. 

Solving for p, p = - - — 

Integrating and rationalizing, 

Tbe.general solution, therefore, represents a system of circles having a 
radius equal to r and tlieir centres on the x axis. 

Tiie c disorimiaant relation is ]/' — i^ = 0, 
andthatof the p discriminant is y^(^ — i^')=Q. 

Thus the locus ot the latter is made up of the loci y = ±r and of 
y = counted twice. 

The equations y=±r, that appear in both the p and the c discriminant 
relations, satisfy the differential equation, and hence form the singular 
solution; they represent the envelope. 

The equation y = 0, aa is apparent on substitution, does not satisfy the 
dlflerentJal equation. Through every point on the locus y = 0, two circles 
of the system can be drawn touching each other ; that equation, there- 
fore, represents the tac-locus. 

The student is advised to make a figure, showing the set of circles, 
tlieir. envelope, and the tac-locus, as it will help him to undeKtand this 
and the preceding articles. 

.37. Equation of the nodal locua. The c discriminant relation, 
like that of the p discriminant, may contain an equation having 
a locus, the x, y, p, of whose points will not satisfy the differ- 
ential equation. 
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The general solution tji (x, t;, c) = may represent a set of 
curves each of which has a double point. Changing the c 
s the position of the cuive, but not its chaj^acter. These 




Fig. 1. 

curves being supposed drawn, the double point;s will lie on a 
curve which is called the nodal locus. In the limit two con- 
secutive curves of the system will have their nodes in coin- 
cidence upon the nodal locus. The node is thus one of the 
ultimate points of intersection of consecutive curves ; and, 
therefore, the equation of this locus must appear in the c dis- 
criminant relation. But in Fig. 1, where A, B, ■■■, ai-e the 
curves and L is the nodal locus, at any point the p for the 
nodal locus L is ditlerent from the p's of the pstrticular curve 
that passes through the point; and hence the x, y, p, belong- 
ing to L at the point, will not satisfy the differential equation. 




And, in general, the x, y, p, at points on the nodfil locus will 
not satisfy the differential equation; for the case would be 
exceptional where the p at any point on the nodal locus woidd 
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CUSPIDAL LOCUS. 



4T 



coincide with a p for a curve of the general solution ] 
through that point; where, in other words, the nodal locus 
would also be an envelope, as in Fig. 2, in which A, B, ■■-, L, 
have the same signification as in Eig. 1. 

Ex. xp^ ~(x — a)^ = has for its general solution 



y + ( 



= lx 



ui- 



that is, t(!/ + c)2 = a;(E-3a)2. 

The p disorimmant relation is xQc — a)'^ = 0, 
and that of the c discriminant, x(x — Say = 0. 

The relation x = satisfies the differential equatioi 
singular solution and represents the enve- 
lope locus. 

The relation x — a — 0, which appears 
only in the j5 discriminant, does not satisfy 



diff 



A d 



w 




38 Equa n of u p da u 

1 e gene a. i^ 

n ay \ esen as f c e e'Loh 
of w 1 h 1 sp Tl e e s 

being supposed drawn, the cusps 
will lie on a curve called the cuspidal 
locus. It is evident that in the 
limit two consecutive curves of the system will have their 
cusps coincident upon the cuspidal locus, the cusps thus being 
among the ultimate points of intersection; and hence the cuspi- 
dal locus will appear in the locus of the c discriminant relation. 
Moreover, the p's at the cusps of consecutive curves will evi- 
dently be equal; and therefore the cuspidal locus will appear 
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in the locus of tlie p discriminant I'clEttion. Ijike the nodal 
locus, it will not, ill general, be the envelope. 
Ex. 1. The differential equation 

i)2 + 2!cp-!; = (1) 

has for its general solution 

(2«8 + Zxy + c)2 - i(x'' + yy = 0. (2) 

The J) discriminant relation is 

a^ + il = 0, (3) 

and the e discriminant relation is 
(x^ + y}^ = 0. 
Equation (1) is not satisfied by (S), and lience tliere is no singular 
solution ; a^ + ^ = is a cusp loons. 

Ex.2. The equation Sai^~2Ty 

has for ita general solution nj/^ = (x ~ c'f; < <1 < < •(. - 

t!ie p discriminant relation is y = 0, 

and the e discriminant relation is j^ = 0. 

The equation ^ = satisfies the differenttiil equation, and therefore is 
the singular solution. It ia also the equation of the cusp locus. Sigure 
i iilnetrates this example. This ia one of the very exceptional cases 
where the cusp locus coincides ■with tl 



39, Summary. When the loci discnased above exist, then 
in the p discriminant relation vfJXl appeal' the equations of the 
envelope locus, of the cuspidal locus, and of the tac-locus ; aod 
in the c discriminant equation will appear the equations of the 
envelope lociis, of the cuspidal locus, aiid of tlie nodal locus.* 

» See Edwards, Differstitial GalmMs, Arts. 304-306 ; Joliuann, J}i,ffei-- 
ential Equations, Arts. 45-54; Forsyth, Differential Equations, Arts. 
23-30 ; an article hy Cayley, " On the theory of the singular solutions of 
differential equations of the first order" (Messenger o/ Jlfafftematics, Vol. 
II. [1873], pp. 6-13) ; an article by J. W. L, Glaisiier, " Examples illus- 
trative of Cayley's theory of singular solutions" (Messenger of Mathe- 
matics, Vol, Xn. [1882], pp. 1-14). 
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The p discriminant relation contains the equations of 
cuspidal and tac loci, once, once, and twice respectively ; and the c dis- 
criminant relation contains the equations of the envelope, cuspidal and 
nodal loci, once, tbree times, and twice respectively.* 

EXAMPLES ON CHAPTER IV, 
Solve and find the singular solutions of the following equations : 

3. a?if + x'^jp + a^ = {). 4. 'j = xp+ Vl.>' + u V- 

6. y = xp-p'^. 

6. Examine Exs, 2, 4, 20, 26, Chap. III., for singular solutions. 

7. Solve 4j)2 =03:, and examine for singular solution. 

8. Investigate for singular solution 

4 x(x - 1) (X - 2)p2 - C3!K« - 6a; + 2)2 = 0. 

9. Solve and esaniiue for singular solalion (8p' — 21)x = I2p^y. 

10. i>'(K^ - rt=) - 2pxy + J)' - fi= = 0. 

11. (px-s)(_x-py)=2p. 

* This is proved in an article by M. J. M. Hill, " On the c and p dis- 
criminant of ordinary integrablp differential equations of the first order " 
(Pi'oc. Loml Math. 8oe., Vol. XIS. [1888], pp. 561-589). This article 
supplemenlB Cayley's, mentioned above. 

Por further information see Professor Cliryeta!; "p discriminant of 
difierentiai equations of first order" (^Nature, Vol. LIV. [18S6], p. 101). 
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CHAPTER V. 

APPLICATIOlSrS TO GEOMETRY, MECHANICS, 
AND PHYSICS. 

40. The student will remember that, after dcdmiiiig the 
methods of solving vaiious kiuds of algebraic equations and 
working through lists of these equations, he made practical 
applications of the knowledge and skill thus acquired, in the 
solution of problems. In the process of finding the solution 
of one of these problems, there were three steps : first, forming 
the equations that expressed the relations existing between the 
quantities considered in the problem ; second, solving these 
equations ; and third, intei'preting the algebraic solution. 

In the case of differential equations, the same procedure 
will be followed. The three preceding chapters have shown 
methods of solving differential equations of the first order. 
This chapter will be concerned with practical problems, the 
solution of which will require the use of these metlioda. The 
problems will be chosen for the most pait from geometry and 
mechanics; and it is presupposed that the student possesses 
as much knowledge of these subjects as can be acquired from 
elementary text-books on the differential calculus and me- 
chanics. 

As iu the case of algebraic problems, there are three steps 
in obtaining the solution of the problems now to be considered : 

First, forming the differential equations that express the 
relations existing between the variables involved. 
Second, finding the solution of these 6' 
Third, interpreting this solution. 
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There will be only two variables involved in each of these 
problems, and hence but a single equation will be required. 
The choice of examples for this chapter is restricted, because 
tUfferential equations of the first order only have so far been 
treated. 

41. Oeometrical problems. The student should review the 
articles in the differential calculus that deal with curves ; in 
particular, those articles that treat of the tangent and normal, 
their directions, lengths, and projections, and the articles that 
discuss cru;vature and the radius of curvature. This review 
will be of great service in helping him to express the data of 
the problem in the form of an equation, and to interpret the 
solution of this equation. The character of the geometrical 
problems and the method of their solution virill in general be 
as follows. A curve will be described by some property be- 
longing to it, and from this its equation will have to be deduced. 
This is like what is done in analytic geometry, but here the 
statement of the property will take the form of a differential 
equation ; the solution of this differential equation will be the 
required equation of the curve. 

42, Geometrical data. The following list of some of the 
principal geometrical deductions of the differential calcuh^ is 
given for reference. It will be of service in forming the dif- 
ferential equations which express the conditions stated in the 
problems, or, in other words, give the properties belonging to 
the curves whose equations are required. 

Suppose that the equation of a curve, rectangular co-ordinates 
being chosen, is ^ ^^^-^^^ ^^ ^^^^ ^-,^0^ 

and that (x, y) is any point on this curve. Then -X is the 
slope of the tangent at the point (a^ y), i.e. the tangent of the 



is the slope of the normal ; the equation of the tangent at (x, y), 
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X, Y, being the current co-ordinatea, is Y~ y = -^{X~x); and 

dx 
the equation of the normal is Y—y = (X — k) ; the inter- 
cept of the tangent on the axia of x is x — y — ; the intercept 
of the tangent on the asis of y i& y ~x ~; the length of the 
tangent, that is, the part of the tangent between the point 
and the a;-axis, is ^/^i _|_/'^?Y; the length of the normal 

isj'vl+f-^); the length of the subtangent isy--; the 
length of the subnormal is 2/ -^ ; the differential of the length 
of the arc is Jl+f—Xdy, or -^1 +f^\^dx; the differontial 
of the area isydx ot x dy. 

Again, let the equation of the curve in polar co-ordinates be 

/(r, l)).0,oir = J.'(»), 
and (r, 6) be any point on the cni-ve. Then the tangent of the 
angle between the radius vector and the part of the tangent 
to the curve at (r, $) drawn back towards the udtial line, is 

r — ; if tf is the vectorial angle, ^ the angle between the radios 

dr 
vector and the tangent at (i-, S), and ^ the angle that this 
tangent makes with the initial line, •^1 = ^ + 6; the length of 
the polar subtangent is 1^ — ; the length of the polar sub- 
normal is — : the differential of the length of the ai'c is 
do 

J\ + r'f^dr, or -\('^Y+ v^B ; if p denote the length of 
the perpendicular from the pole upon the tangent,* then 

* V^V^Xa.Toson, Differential Galculus, Ait. 183; Edwards, Differential 
Oalcalusfor Beginners, Art. 95. 
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that is, -.= «' + f'^Y' where « = i- 

43. Examples. 

Ex. 1. Determine tlie curve whose subtangent is n times the abscissa 
of the point of contact ; and find tlie particular curve which, passes 
through, the point (2, 3). 

Let (2, y) be any point upon tire curve. Thesubtangentis y^. There- 
fore, the condition that must be satisfied at any point of the required 
curve, in other words, the given property of the curve, is expressed by 
the equation 

ay 

Integration gives n log j = log ex, whence, 

This represents a family of curves, each of which passes through the 
origin. For the particular curve that passes through (2, 3), c must he '—, 
and the equation is 

When n = I, the required curve is any one of the straight lines which 
pass through the origin ; tlie equation of the particular line through 
(2, 3) is 

2y = Sx. 

When m = 2, tlie curves having the given property are tlie parabolas 
whose vertices are at the origin, and whose axes coincide with the 3;-axis ; 
the particular parabola tlirough {2, 3) has the equation. 

When n = I, the required curve is any one of the system of semi- 
cubical parabolas that have their vertices at the origin and their axes 
coinciding with the axis of x. 

What curves have the given property when n = jj ? When n = § ? 

Ex. 3. Find the curve in which the perpendicular upon the tangent 
from Oie toot of the ordinate of the point of contact is constant and equal 
to a ; and determine the constant of integration in such a manner that 
the curve shall cut the axis of y at right angles. 
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Let (x, y) bo any point on the curve. The equation of the tangent at 

(», J) » 

the length o£ the perpendicular from {x, 0), the foot of the ordinate, 

-y 

upon the tangent is f jdj/Y 
* \ftxj 
Therefore, the given property of the curve is expressed by the equation 
(I) "^ ^a- from this, (2) " '''' = dx ■ 

4^m' 



integration gives * cosh-'- - - + ft 

whence (3) ^- = coshf- + i! 



It is also required that there be found the particular one of these 
crudes that cuis the ^-axis at right angles. Thm means that for this 
curve, ■■ - = when x — 0. Now diSerentiation of (3) gives 

therefore t = ; and hence 

- = cosh -, 
the equation of the catenary. 

Ex. 3. Determine tbe curve in which the subtangent is n times the 
subnormal. 

Ex. 4. Determine the curve in which the length of the arc ineasnred 



Ex. 6. Find the curve in which the polar subnormal is proportioaal to 
the sine of the vectorial angle. 

Ex. G, Pind tlie curve in which the polar subtangent is proportional to 
the length of the radius vector. 

*See McMahon, Hyperbolic Funetions (BJerriman and Woodward, 
Higher Mathematics, Chap. IV.), Arts. 14, 16, 26, 89; Edwards, Integral 
Calculus for Beginners, Arts 28-44. 
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44. Problems relating to trajectoriea. An impovta.nt group 
of geometrical problems is tliat which deals with trajectories. 
A. trajectory of a family of curves is a line that outs all the 
members of the family according to a given law ; for example, 
the line which cuts all the curves of the family at points equi- 
distant from the a?-axis, the distance being measured along the 
curves of the family. Another example of a trajectory is the 
line that cuts the curves of the family at a constant angle. 
When the angle is a right angle, the trajectories are called 
orthogonal trajectories; when it is other than a right angle, 
the trajectories are said to be oblique. Only these two classes 
of trajectories will here be discussed, 

45. Trajectories, rectangular co-ordinates. Suppose that 

f(x,y,d)^(i (1) 

is the equation of the given system of curves, a bem:; the 
arbitrary parameter; and that « is the angle at which the tn 
jeotories are to out the given curves. The elimiiia-tion of n 
from (1) gives an equation of the form 

<-.|)-». (^) 

the differential equation of the family of curves. 

Now through any point (a;, y) there pass a curve of the given 
system and one of the trajectories, cutting each other at an 
angle a. If in is the slope of the tangent to the trajectory at 



ax 
By definition in is -^ for the trajectoiy ; hence the differ- 
ential equation of the system of trajectories is obtained by 
substituting this value of m. fpr -^ in (2) ; this gives 
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for the differential equation of the system of trajeotoiics ; ami 
the solution of this is the integral equation. 
If a ia a right angle, 

m — — ~- 
dy' 

and hence the differential equation of the system of orihotjimul 

traiectories ia obtained by substituting — — for ^ in (2) ; this 

fly dx 
gives ■* 

*(,,„, -|)=0, (=) 

Integration will give the equation in the ordinary form. 

46. Orthogonal trajectories, polar co-ordinates. Suppose tliat 
/{,-, 8, ») = (1) 

is the polar equation of the given curve, and that 

*(m.|)=0 (2) 

is the corresponding differential equation, obtained by eliminate 
ing the arbitrary constant c. The tangent of the angle between 
the radius vector and the tangent to a curve of the given sys- 
tem at any point (r, 0) is r—. If mis the tangent of the angle 

between this radius vector and the tangent to the trajectory 
through that point, 



Idr 



since the tangents of the curve and its trajectory are at right 
angles to each other. Hence the differential equation of the 
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required trajectory is obtained by substituting for r— , 

or, what comes to the same thing, — r'^ — for -~ in (2) ; this 

dr d$ 

gives 

as the differential equation of the required system of trajecto- 
ries. 

47. Examples. 

Ex. 1. Fijid the equation of the cm-va which cuts at a cotistaiil angle 
whose tangent is — all the circles touching, a given straight line at a 
given point. 

Take the given point for the origin, the given line for the y a^tis, and 
the pei-pendicular to it at the point for the avaxis. The given system of 
oircli>s then consists of the circles which pass tlirough the origin and have 
their centres on the ataxia ; its equation is 

^ + x''~2ax = 0, (1) 

a being the variable parameter. The elimination ot a gives the differmi- 
tial equation of the system of circles ; nam.ely, 

dy^yj-^_ (2) 

The ditfereiitia.1 equation of the system of trajectories is ohtained by 
snhsti tilling for y- in equation (2) the expression 
% ™ 
dx^ n 

and this gives on reduction 

{nx^ -wf + 2 mxy)d3:. + {m'f - mi^ + 2 nyyyin ■= 0. (3) 

The integration of this homogeneous equation gives 

x'^ + 'f = 'icimv + nx), (4) 

c, heing the constant of integration ; tliis represents another system nf 
circles. 

The trajectory is orthogonal if n = ; equation (4) then becomes 
^2 _l_ j^ — 2 ciny. 
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which represents the orthogonal system o( circles ; these c 
throagli the origin and have their centres on the y-axis. 

Ex. 2. Find the orthogonal trajectories of Uie system of cu 



Differentiation eliminates the parameter a. ami gives 

^+VOOt!l9=0, 

the diKerential eq^uation o£ the system. 

The differential equation o£ the system of trajectories is obtained by 

aubaUtuting - i^^^ for ^' i this gives 
dr d9 

-,a£? + r0OtnS = 0; 
separating the vaviablen, integrating, anil simplifying, 

)■" cos nd = c, 
c being an arbitrary constant ; this is the equation of the system of 
orthogonal curves. 

Ex. 3. Find the orthogonal trajectories of a series of parabolas whose 
equation is ?(^ = 4 ax. 

Ex. 4. Find the orthogonal trajectories of the series of hypooycloids 

Ex. 6. Find the equation ol the system of orthogonal trajectories of a 
series of confocal and coaxial parabolas r = ■ ■ " — 



Ex, 6, Find the orthogonal trajectories of Uie s( 



48. Mechanical and physical problems. The student should 
read in some text-book oa meuhanies the articles in which the 
elementary principles and fonnulge relating to force and motion 
are enunciated and deduced. The truth of the following deli- 
iijtions and formulse will be apparent to one who understands 
the first principles of the calculus and the principles of me- 
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chanics as set fortVi in elementary -works tliat do not employ 
the calculus. 

If 8 denotes the length of the path described by a particle 
moving for any period of time ; 
t, the time of motion, usually estimateiJ in seconds ; and 
V, the velocity of the moving pai'tiele at any particular 

point or instant ; then will 
ds . , 

— = the acceleration of the moving particle at any point 
of its path. 

Ex. 1. A body falls from reat ; asBUinmg that tlic 
^r is proportional to the square of llie velocity, tina 
(o) its velocity at any instant ; 
([)) the distance through whicli it has fallen. 
In this case the equation for Uxa acceleration is 

— =g- Kti2, or^ putting — for k. 



whence ^ """ - ^ ■ = (ft. 

Integrating, tanh-' — =: «( + c; whence, — = tanh(«( + c). 
But c = 0, since u = wlien ( = 0, 

Therefore v = — =^' tanh nl ; 

(it n 

whence, on integration, 

s + c = -J log cosh Id. 
But s = when ( = 0, .■. c = 0; 

therefore s = -^ log cosh nt. 
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Ex. 2. rind the distance passed over in time ( by ii particle wliose 
acceleration is coiiataat, determining tlie constants of integration so that 
at the time t = 0, n o is the velocity and sg the distance of the particle from 
the point from which distance is measured. 

Ex. 3. The velocity possessed by a body after la]lirig yertically from 
rest through a distance s is found to be VTgs. Find the height throi^h 
wliioh it has fallen in terms of the time. 

EXAMPLES ON CHAPTER V. 

1. Dctennine the curve in which the lengtli of the sabnormal is pro- 
portional to the square of the ordinate. 

2. Determhie the curve in which the part of the tangent intercepted- 



5. Determine the curve in which the length of the subnormal is pro- 
portional to the square of the abscissa. 

i. Find the equation of the curve for which iv differential of the oic is 
K times the differential of the angle made by its tangent with the ce-asis, 
multiplied by the cosine of this angle; and determine tlia constant of inte- 
gration so that tlie curve touches the E-axis at the point from which the 
arc is measured. 

5.. Find the equation of the cuiTe where tlie length of the perpendicu- 
lar from the pole upon the tangent is constant and equal to — 

6. Find the equation of the system of cm-ves that make an angle whose 
tangent is — with the series of parallel lines x cos a + y sin a = p, p being 
the variable parameter. 

7. Find tlie orthogonal trajectories of the system of parabolas y = ai*. 

8. Find the orthogonal trajectories of the system of circles touching 
a given straight line at a given point. 

9. Find the orthogonal trajectories of -s + -3^7t = ^i where X is 
arbitrary. 

10. Find the orthogonal trajectories of the series of hyperbolas xy^t?. 

11. Determine the orthogonal trajectories of the system of curves 
r^ ~ a" Qos nS ; therefrom find the orthogonal trajectories of the aeries 
of lemniscata r^ = a^ cos 2 e, 

18. Find the orthogonal trajectories of f ?■ + — jcose= a, a being the 
parameter. 
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13, Find the oi-thoeoaal trajectories of the series of logarithmic spirals 
)■ = a8, wliere a varies. 

14. Determine tlie carve whose tangent outs oft from the co-ordinate 
axes intercepts whose sum is constant. 

18, Tlie perpeudieulara fvom tlie origiQ upon the tangents of a curve 
are of constant length a. Find the aquation of tlie curve. 

16. Find tlie equation of the curve in which the perpendicular from Uie 
origin upon the tangent is eq^ual to the abscissa of the point of contact. 

IT. Find the equation of a curve such diat the projection of its ordi- 
nate upon tJie normal is equal to the abscissa. 

18. Find the equation of the curve in which, if any point The taken, 
Oie tiei-peiidicular let fall from the foot of its ordinate upon its radius 
vector shall cut the ^-asis where the latter is cut by tlie tangent to tlie 
curve at P. 

19. Fiud the curve in which the angle between the radius vector and 
the tangent is n times the vectorial angle. What is tlie curve when 
n = 1 ? When it = J ? 

30. Determine the curve in which the normal makes equal angles with 
the radius vector and the initial line. 

31. IFind the curve tlie length of whose are measured from a given 
point is a mean proportional between the ordinate and twice tlie abscissa, 

82. Find tlie equation of the cm've in which the pci-pendicular from 
tlie pole upon the tangent at any point is k times Hie radius vector of the 

33. K -a = -^T5 iS\' — ijiflnd the equation of the curve, )■ being 

the radius vector of any point of the curve, and p the perpendicular from 
the pole upon the tangent at that poiitt. 

24. Find the orthogonal trajectories of the cardioids ?■ = a(\ — cose). 

25. Show tbatthesystemofconfocalandcoasial parabolas y^=4a(a;-|-a) 
is self-ortliogonal, 

26. Show that a sjslcm of conJocal conies is self-orthogonal. 

27. Find the curve such that the rectangle under the perpendiculars 
from two fixed points on the normals be constant. 

2S. Find tlie curve in wUicli the product of the perpendiculars drawn 
from two fixed points to any tangent is 
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29. The product of two ordinates drawn from two fixed points on the 
ataxia to the tangent of a curve is constant and equal to k^. Find tlie 
equation of the curve. 

30. Determine the curve in which the area enclosed between tiie tan- 
gent and the co-ordinate axes m equal to a\ 

31. !Find a curve such that the area included between a tangejit, the 
z-axis, and two perpendiculare upon the tangent from two fixed points on 
the ai-asis is ooiistant and equal to k'^. 

32. The parabola j^ = 4 iw; rolls upon a straight line. Determine the 
curve traced by the focus. 

33. Determine the curve in which s = axK 

31, The equation of electromotive forces for an electric circuit oonUiii- 
ing resistance and self-induction is 

E = Ri + l'^, 
dt 

where E is the electromotive force given to the eirouit, R the resistance, 
and i the coefficient of inductiun. Find the current i : (a) when £=/((); 
(6) when E = <i , (o) when E = » constant; (d) when E is a simple 
harmonic function of the time, S„suiu(, where E„ is the masimTun 
value of the impressed electromotive force, and w is 2^ times the fre- 
quency of alternation ; (e) -when B = ,EiSinio(-|- EBsinCOwt-l- e). 

3B. The equation of electromotive forces in terms of tlie current i, tor 
an electric circuit having a resistance if, and having in series with that 
resistance a condenser of capacity C, is B = Bi + j — , which reduces on 
difierentiation to the form 

di i _ldE 

dt RC bIT 
E being the electromotive force. Find the current i -. (a) when E =/(J) ; 
(6) whenB^O; (c) when j: =; a constant ; (i^) when B = E„ sin w(. 

36. Given that the equation of electromotive forces in tiie circuit of 
the last example, in terms of the charge q, is 

find g: (a) when JB=/(i); (6) wheiiE = 0; (c) when B = a constant ; 
(d) when E = E^ sin at. 

8T. The acceleration of a moving particle being proportional to the 
cube of the velocity and negative, find tlie distance passed over in time (, 
the initjal velocity being va, and the distance being measured from the 
poaitlou of the particle at the time I ::^ 0. 
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LINEAR EQUATIONS. 



CHAPTER VI. 



LINEAR EQUATIONS WITH CONSTANT 
COEFFICIENTS, 

49. Linear equations defined. The corapleinentary function, the 
particular integral, the complete integral. Equations of an older 
higher than tlie first have now to be considered. This ehapter 
and the next will deal with a single class of these equations ; 
namely, linear differential equations. In these, the dependent 
variable and its derivatives appeai' only in the first degi-ee and 
are not multiplied together, their coefficients all being con- 
stants or functions of x. The general form of the equation is 

^ + P.^ + P,pl+ ...+P„y=X, (1) 

where X and the coefficients Pi, P^, •■•, P„ are constants or 
functions of x. If the derivative of highest order, ~, has a 
coefficient other than unity, the members of the equation can 
be divided by this coefReient, and then the equation will be in 
the form (1). The linear equation of the first order has been 
ti-eated in Art. 20. 

It will first be shown that the complete solution of (1) eon- 
tains, as pai-t of itself, the complete solution of 

•ill I D '^""V I 
dar'*' 



^4.... + P^^0. (2) 

If 1/ = t/i be an integral of (2), then, as will be seen on 
substitution in (2), y = c,yi, c, being an arbitrary constant, is 
also an integral j similarly if y^Hi, y = yi, ■■■> y = yM'be inte- 
grals of (2), then y = c^i, —,y = c^^, where Cj, •■., c„ are arbi- 
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trary constants, are all integrals. Moreover, substitution will 
show that 

y = c,yi + c^^+-- +c,^„ (3) 

is an integral. If y„ y^, —, y^ ai'e linearly independent,* (3) is 
the complete integral of (2), since it contains h arbitrary con- 
stants and (2) is of order n. 

If ^ = M be a solution of (1), then 

y=r+u, (4) 

where Y^ c,y, + Ca2/2 H h c,^,, 

is also a solution of (1); for the ^u' "'"■'■".ti'-n of Ffor y in the 
first member of (1) gives zero, and that of u for y, by hypothesis, 
gives X. As the solution (4) contains n arbitrai-y constants, 
it is tlie complete solution of equation (1). The part Y is 
called tlie eomplem-entary function ; and the part ?( is called tJie 
particidar mtegral.'\ The general or conipleie solution is the 
sum of the complementary function and the particular integral. 

50. The linear equation with constant coefficients and second 
member zero. The equation 






+ P';7.iT+- + -P-'' = "' W 



where the coefficients P,, i*;, ■■-, P„, are constants, will iirst be 
treated.? 

On the substitution of e"" for y, the first member of this 
equation becomes (m" + Pitji.""' + ■■■ + P„)e'"; and this will he 
equal to zero if 

m^ + P^m-' + .-.+P^-O. (2) 

« See Note F for tlie criterion of tlie linear Independence of the inte- 
grals jd, S)2, .--, j/„. 

t This use of the term paHicular integral is to be disUnguiahed from 
tluit indicated in. Art. 4. 

J The method of solving the linear differential equation with constant 
coefficients, shown In this article, is due to LeonUard ISuler (1707-1783), 
one of the most distinguished mathematicians of the eighteenth century. 
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This may be called the auxiliai'y equation. Therefore, if m 
have a value, say m„ that satisfies (2), y = e""" is an integral 
of (1) ; and if the n roots of (2) be m,, ma, ■■■ m„, the complete 
solution of (1) is 

y = Cjf"' + c^^ + ■■■ + c„e'^'. (3) 

Ex.1. Solve ^ + 3f^-54!/ = 0. 
Here equation (3) is m^ + Rm~M = l); 
solving for ira, ire = 6, — 9. 

Hence the general solution of tlie equation is y = Cif^' + c^e'^. 

Ex. 2. If ^ - m^i/ = 0, riuow tJiat 

y = Cie™ + Cje-"" — A cosli ma + B sinli mx.* 

Ex.3. Solve 2^+5^-12;i = 0. 
OP «( 

Ex.4. Solve 9^ + 18^-ieK = 0. 

51. Case of the auxiliary equation having equal roots. When 
two roots of (2) Art. 50 are eqiiai, say ))ii and mg solution (3) 
becomes 

y=(Ci + Cs) e"^' + c^e"'' H 1- c„e'"'^. 

But, since c, + Ca is equivalent to only a single constant, this 
solution will have (n — 1) arbitrary constants ; and hence is 
not the general solution. In order to obtain the complete 
solution in this case, suppose that 

the terms of the solution corresponding to m^, nij, will then be 

y = eie""' + Cjel'"'-^"^, 
which can be written y — e™" (c, + c^"'). 

*See McMahon, Hyperbolic Ftmctions (Wctnmnn and Woodward, 
Higher Mathematics, Chap-.IV.), Arts. U (Proli. 30), 17, 39. 
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On expanding e"* by the exponential series, this becomes 

= e^'' {A+ Bx + Caft V + terras proceeding in 
ascending powers of h), 
■wliere j1 = e, + a{', and B = Cjft. 

Now let h appvoaflh 0, and solution (3) Art. 2 takes the form 

J) = e""' (^ + Sc) + Cae"'' H + c^e"^. 

As h approaches ^ro, c, and c^ can be taken in snch a way 
that A and B wilt be finite. Cf- Shi»^, S*t <?»4. -M-^H 

If the auxiliary equation 'have three roots equal to mi, by 
similar reasoning it can be shown that the corresponding solu- 

y = e"''(ci + CsX + c^ ; 
and, if it liave r equal roots, that the corresponding solution is 

The form of the solution in the case of repeated roots of the 
auxiliary equation is deduced in another way in Art. 55. 

EX.S. Solye^-f|-9^-nf^-4!,=.0. 
dx* dx^ dx^ dx 

52. Case of the auxiliary equation having imaginary roots. 

When equation (2) Art. 50 has a pair of imaginai-y roots, 
say m, = « + ifi, tn^— a — i^ (t being used to denote V— 1), 
the coi-responding part of the solution can be put in a real 
form simpler, and hence more useful, than the exponential form 
of Art. 50. 

* See George Boole, DifferentiaX Equations, Chap. IK., Art. 7. The 
separate integrals, e™i", xe^i", x^e^\ ..., ave analogous to the equal rxKita 
of an algebraic equation. 
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=- e"^ i ci (cos ^K 4- i sin jix) + Cj (cos (3k - i sin ^x) j 
= e''{A cos ^x + B sill /3^) 
= (cosh aa; + sinh «a;) (j1 cos ^x + B sin /3x) , 
If a pair of imaginary roots occurs twice, the corresponding 
solution is y= (cj + c^) e'°+'^"' + (cs + e^x) e'"-'^'', 

■which reduces to y = e^KA^ A-ix) cos jBx + {B + BiX) sin^s|. 
Ei. 1. Solvo fl + 8 ^'^ + 25y = 0. 

The auxiliary equation is m'' + 8 m + 25 = 0, the roots ot which are 
m= — i±Zi; and tte sulution is 3 = e'*'(i;icos3ic + casmSj:). 

Ex. 2. If ^-m'j) = 0, show that 

jl — eicosjnx + c^ sin ma + C3C03hnia + i;,&mhx. 

53. The symbol D. By using the symbol D for the differ- 
ential operator — , eqrrittion (1) Art. SO can be written 

(Z>- + PiO-i + ■-■ + P„) ;/ = 0, (1) 

or, briefly, /(D) ?/ = 0. (2) 

The symbolic eoef&eient of y in (1) is the same function of 
D that the first member of equation (2) Art. 50 is of m; ajid, 
1;hcrofore, the roots of the latter equation being m„ m.^, ■■•, m„, 
equation (1) may be written 

(D ~ m^XD -mi)...iD-m„)y = 0. (3) 

Hence the integral of (1) can be found by putting its sym- 
bolic coefficient equal to zero, and solving for D as if it were 
an ordinary algebraic quantity, without any regard to its use 
as an operator ; and then proceeding as in Art. 50 after the 
roots of equation (2) of that article had been found. More- 
over, it is thus apparent that the complete solution of (1) or 
(3) is made up of the solutions of 
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{D ^ 'm,)y = 0, (D - J%);/ = 0, ..-, (Z)-m„) i/ = 0. 
This symbol D will bo of great service. 

54. Theorem concerning JJ. One of tlio theorems relating to 
D is, that when the coef&cient of y in (1) Art. 53 is factored as 
if i> were au ordinary algebraic quantity, then the original dif- 
fevential equation will be obtained when Z> is given its opera^ 
tive character, no matter in what order the factors are takeji. 
Thus, an equation of the second order 

when expressed in the symbolic form, is 

\D'-(a + (i)D + alily = Oi 

this oil factoring becomes {D — a) (Z> — ^)t/ — Q. 

lleplacing D by — , the latter equation becomes 
dx 



Operating on y with -- — /3, this becomes 



and, operating on the second factor with tlie first, 



If the factors bad been written in the reverse order, 
(D — ff}(D — tt)y — 0, and expanded as above, the same result 
wonld have been obtained. It is easily shown that the theo- 
rem holds for an equation of the third and any higher order. 
It will be noted that the symbolic factors, when used as opera, 
tors, are taken in order from right to left. Other theorems 
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relating to D will be proven wlien a reference to them happens 
to be required.* 

55. Another way of finding tlie solution when the auxiliary 
ectuation has repeated roots. The form of the solution when 
the auxiliary equation (2) Art. 50 has repeated roots can be 
found in another way; namely, by employing the symbol D. 
According to Art. 53, the solutions corresponding to the two 
equal roots iiii of this equation are the solutions of 

iD~m,fy = 0. 

On writing this in the form (£* — )%) 5(D — mi))/j = and 
putting V for (D — mj) y, the above equation becomes 

the solution of which is i; — OiG"'''. Euplacing v by its value 

which is the linear equation oC the first order (considered in 
Art. 20 ; its solution is y = c""" (c, -f- c.^). 

Similarly the solutions corresponding to three equal roots m, 
are the solutions of 

(D^m,fy = l), 

which may be written 

(B-m,)(C-m,)'j = 0. 
On putting V for (D — tniYy, solving for v, and replacing the 
value of V as before there is obtained 
(D^m,yy = c,e'^\ 
Putting 10 for (D — m^y and proceeding as before, 
(Z)-m,)!/=e""(ci^ + c,), 

* See Forsyth, Diferential Equations, Arts. 31-35, for fuller informa- 
tion concerning tlie properties of D. 
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the solution of whicli is 

y = e'^"(cx^ + CjCc + Cj), where <^ = ^■ 

It is obvious that if nii is repeated r times, tlie correspond- 
ing integrals are 

y = e™'" (oi + csK + ■ ■ . + e,s-' '). 

56. The linear equation with constant coefficients and second 
member a function oi x. In this article will be considered the 
equation 

S+p.|3+-+n,=x. a) 

the first member of which is the same as that of equation (1) 
Art. 50, and the second member a function of x. It was 
pointed out in Art 49 that the complete integral of (1) con- 
sists of two parts, — a complementary function and a particular 
integral, the complementaiy function being the complete solu- 
tion of the equation formed by putting the first member of (1) 
equal to zero. The problem now is to devise a method for 
obtaining the particular integral. 

In the symbolic notation, (1) becomes 

f(D)!/ = X (2) 

1 TT 



and the particular 



1 



57. The symbolic function —tjzt- H' is necessary to define 

- 1 X, wJiieli, as yet, is a mere symbol without meaning. 

Fop this pm'pose it may be said : X is that function of x 

which, when operated upon by /(Z*), gives X. The operator 

, according to this definition, is the inverse of the 

operator /(D). It can be shown from this definition and 

Art. 54, that can be broken up into factors which may 

be taken in any order, or into partial fractions. 
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For example, the particular integral of the equation 



and this can be put in the form 



Now apply {D — a}(D — ^) to this, arranging the t'actoi* of 
the latter operator conveniently, as is allowable by Art. d4 ; 
this gives -• 



X bv the definition of . This reduction shows that the 

particular integral might equally well have been written 



Also, X may be written in the form 

which is obtained by resolving the operator into partial 
fractions. The result of operating upon this with 
Z)=-C« + ^)C + «/J is 

or ^|(i)_^).Y_(Z)_„)|Xi 

and finally, X. 
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The statement immediately preceding tliis example can easily 
be veritied for tlie geiieval case by a method similar to that 
used in tliis particular instance. 

58. Methods of finding the particular integral. It is thus 
appai-ent that the particular integral of equation (2) Art. 56, 
namely, ---■—X, may be obtained in tlie two following ways : 

(a) The operator may bo factored; then the particular 

integral will be ■"• J 

1 1 1 y 

D-m^' D-in./" D-m^ ' 
On operating with the first symbolic factor, beginning at the 
right, thei'e is obtained 



■»> ^e-'^.'5 



then, on operating with tbe second and remaining factors in 
succession, taking thein from light to left, there is finally 
obtained the value of the pai'ticular integral, namely, 

,.,J„..-„.J...J.-..x«,.).. 

{!)) The operator — — - may be dopomposed into its pa.rtial 
fractions ■^ ^ ' 

D — Ml i> — «i2 D~m„ 

and then the particular integral will have the form 

0£ these two methods, the latter is generally to be preferred. 
Since the methods (a) and (6) consist altogether of operations 

of the kind effected by upon X, the result of the latter 

operation should be remembered. Now, -— X ia the par- 
ticular integral of the linear equation of the first order, 
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./,- 



The term OiC"' in tlie solution of this equation is the comple- 
mentary function. 

F.J. 1. Sow, J?-5? + 6!, = ,«. 

This equation written in symboUo form is 

or (Z'-3)CO-a)j; = <*; 

hence the complementary function isy = cie^ + cae^ ; and the particular 

^~ D~?/ D-'i ~\n--i~ D-2Y''^ 
and lience the geneviii solution is 

Ex. 3. Solve 0-!/ = 2 + 6a;. 
Ex. 3. SolTeg + 2|+!, = 2e^. 

59. Short methods of finding the particular integrals in certain 
cases. The terms of the particular integral which correspond 
to terms of certain special forms that may appear in the sec- 
ond member of the equation, can be obtained by methods that 
are much shorter than the general methods shown in the last 
article. The special forma occurring in the second member 
which will be discussed here are : 



y Google 



74 DIFFERENTIAL EQUATIONS. [Cn, VI. 

(a) e'", wliei'e a is any consta,nt ; 

(6) af, -where mi is a positive integer ; 

(c) sin aa;, cos ax ; 

(<k) e"F, where V is any fuaction of <b; 

(e) xV, where V is any function of x. 

60. Integral corresponding to a term of form e" in the second 
member. Tho integral corresponding to e"" in the seuuiiLl 
member of the equation f{p)y = x, is 6°^ ; this will b(i 

shown to be equal to -rj— e". 

Succeasiye differentiation gives i>"e°'' = a"e°' ; the terms 
appearing in /(JD) are terms of the form D", n being an integer ; 
therefore f{D)^=f{a)e"\ 

Operating on both members \vith -jf-, 

and this, since — — - and /{D) are inverse operators and /(a) 
is only an algebraic multiplier, reduces to 



The method fails if ra is a root of f{B) = 0, for then 

In this case, the procedure ia as follows. 

Since a is a. root of /(!))= 0, (D ~ a) is a factor of f(D). 
Suppose that /(Zl)=(I>-(()^{I>); then 

1 ^ ^ 1 1 ^ ^ 1 J _ ^e;;^ 

f{D) {D-a)<l. {D) {D^a)<l, (a) <t, (a) ' 



yGoosle 



5 60, 61.] TERM OF FOIIM x". 75 

If a is a double root of /(/>)= 0, then D~a enters twice as 
a factor into f{D). Suppose that /(D) = (2> ~ af ^ (D) ; then 

/(O) (i>-ay^{D) (i>-ay.^(a) 2^ (a) 

The method of procedure is obvious for the case when a is 
a root of /(i))= 0, r times. 

Ex.1. Solve ^ + y = 3 + e--4-6e^. 

Written iu ajmbolio form, this equation becomes 



~1± WZ , 



Here the roots of /(»)=!> 
plementary function is 



substitution of and 2 for D, on account of the fiist and third terms, gives 
'A -\ \c'^- But —1 is a root of ff^ -|- 1, lience, I'iictoriiig iJie denominator, 

'd^T^^ ~ D + l' iy^-D-\-].^ ~ JJ + 1 ■ 3 ' 
on substituting — 1 tor I) in the second factor ; the last expression is 
equal to — — i hence tlie complete solution is 



,I) + S + |.>4 



Ex. 3. Find the particular integrals of Ess. 1, S, Ait. 58, by the short 
method. 

Ex.3. Solve ^|-;/=(e' + l)2. 

Ex.4. Solve f-|-2^ + y = 3.1^. 

61. Integral corresponding to a term of form k*" in the second 

to be 
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evalimteil, raise f{I>) to the {— l)th power, arranging the 
terms in ascending powers of D; with the several terms of 
the expression thus obtained, operate on af; the result will be 
the partionlar integral corresponding to k". It is obffions that 
terms of the expansion beyond the nith power of D need not 
be written, since the result of their operation on a;"' would be 
zero. 

Ex. 1. Solve (fls + 3 JJ^ + 2 D)y = r?. 

The roots at f(D) are 0, — '2, — 1 ; and liiince the coiiiplenientary 
function ia ci -4- cse'^' + ese'". 

The particular integral 

1 ,.2_ 1 



= .T^ l+i»i'^ 



= i(x'-3x + !) = i|(2,.-0. + 21), 
— I being merely Xxclx. 

The complete solution is y — ci + c^e-^ + cac' + — (2x'' ~^x + 21). 
Tiie operatoi' on x'' could eiiunliy well have been put iu the form 

and this gives the result alreatiy obtained. One might think tliat it would 
be necessary to add ajiolhcr teriii, D\ in this form of the operator ; but 
the result for tliia term would be a numerical constant; and this is already 
included ia the complementary function. 

Ex. 2. Solve Ex. 2, Art. 58, by this method. 

Ex.3. So\v(,'^+Sy = x.* + 2x + l. 

62. Integral corresponding to a term of form sin ax or cos ax 
in the second member. Successive differentiation of sin ax gives 
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1)^ sin (U.- = — a^ cos ax, 

and, in general, (TF)" sin ax = ( — a^)" sin ckb. 

Therefore, if t/>(-D^ be a rational integi'ivl function o( D^, 
<f>{iy)sm<tx= ^(— d^einaa;. 

Piom the latter equation and the deiinition in Art. 57, it 
followa, since <ji (— a") is merely an algebraic multiplier, that 

sin 00; = — -. — siuKie. 

Similarly, it can be sliown that 

and, more generally, that 

,, , ^ , fPy iPu fly 

that is, (D» + i>5 - D - l)y = cos23:. 

The complementary function is Cie* + e-^(ca + Caa) ; and the pwticular 



Oil + D2 _ D _ 1 2) + 

= _-£LrLi_- cos 2 K = ^^^^ CO 
(i)2 - 1)2 25 

--^sin % ^^, 

hence the complete solution is 

y = eie" + e-' (c, + c^a) - ^ sin 2 



i2!i; 
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Ex. a. Solve ^+a=i) = cos OK. 

ThB complementaiy function is Ci cos aa; + Ca sin ok ; the particular 

icteffral ia ■ — -cosaa; = cosiw; ; and tliiis the method fails. 

In this case, change a to n + ft ; this gives for the value of the pavticiilai' 
integral, - ■ ■ cos(a + xjli, ; this expression, on the application of the 
principle above and the expansion of the operand by Taylor's aeries, 
becomes — ~ — — ^ [cos ai — sin ok- te — cos bk ■ —-— + ■■■). 

The first term is already contained In the complementary function, 
and hence need not be regarded here ; the particular integral will accord- 
ingly be written. 

Ha + h ^'^ ^™ "* "'" rT2^ °°^ 
on making ft approach zero, this reduces to ? ^™ '^' . 

The complete integral is y = ci cos ax + Ca sin ax -\ — — 

Ea. a. Solve ^-iy = 2 ain J x. 

Es. 4. Solve ^^+»* = siii3 3;-cos'iJa;. 

63. Integral corresponding to a term of form (f-'V m the 
second member, V being any function of a;. 

Since D^V= e'^DV+ae"V= e-^'iD + a)F; 
and 0'e"F== ae.-^{D + a) V+ e'"Z)(_D + «)F= g°'(0 + afV; 
LUid, in general, as is apparent from sticceasive differ ontiaiion, 

D"^'V= e"(Z> + ayV; 
therefore, f{D)c^V= e'f{D + a) V. (1) 

Now put S{D + a)F= 7ii then V=j-~~—V^. Also, Fi 

will be any function of x, since V is any function of x. Sub- 
stitution of this value of Fin (1) gives 
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whence, operating on botli members of this equation with 



where Vi, as has been observed, is any furietion of x 

Ex. 1. Solve ^ + S'^«e^'' 
The complete solution is 

By the formula just obtained, 



Q + 4 ZJ + jpa 



and this, by tJie method ot Ait. fil, gives the integral — (Qa; — 4). 
Tlie complete solution is '' 



Ex. 3. Solve fi^ + 2i, = i?e^ + ecos2x. 

64. Integral corresponding to a term of the form xV in the 
second member, V being any function of x. Suppose that a term 
of tlie foira KKui'covs in f(D)y = X. 

Differentiation shows tliat 

DxV = xrJV-]- r, 



]>'xV=xD"V+nD"-Wi 
or, as it may be written, = x]yv+(——D"\V. 
Therefore, f{D)xV=xf{D)V + f'{D)V. 



yGoosle 



80 DIFFERENTIAL MQUATIONS. [Cn. VI, 

As in Alt. C3, tlie saine foimula hokls for the operator/(/J) 
and the inverse operator -Tfr- 

To show this, put /(0)F=F,; tlien F= -^F,; and V 
being any function of x, V, will also denote any function of a;. 
The substitution of this value of Fin (1) gives 



Operating on both members of this equation with , and 

trans [losing, -^^ ' 

-1_^F,=^-J-F^ -^'<-") F 
f(D) /(D) i/(JJ)f 

fiD) '^\f(P)\ 
wliere -! -=^1 ' denotes —(^-\ 

The particular integral corresponding to expressions of tho 
form 3fV, where r is a positive integer, can evidently be 
obtained by successive applications of this method.* 

Ex. 1. Find tlie particular integral of Ek. 1, Art. 63, by tliia method. 

Tlie particular integral — "-^' — " "-' 



Ex. 2. Solve 



EXAMPLES ON CHAPTER VI. 

« See Johnson, Differential Equation», Art. 120 ; Forsyth, Differential 
Equations, Art. 46. 
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fjl.j JSXAJh 


fl.Eli. »] 


'■ 3+^S-l---«' 




4. '^^ + iy^^mSx + e' + x^. 


"■ §-<!+='—-• 






'■S"'S-'l+»»"' 


- S-S-S=^- 


'■S+S+S'-"'-'* 


n. §-, = ..«».. 


•• S- "!+-<' -■ 


18. '|| + ||+y = sra2s^. 


'»■ S+-"S+»'='-'- 


-S-'l-o— '<' + "> 


"■ g+CJ"-'»"- 


»■ S-I+*'— 


- S+=S+=I 


f 1, = e-'. 


33. (i)>-aD3-3C 


= + 4 D + 4)!, = kV. 




- y = ^e' + e"^. 


^- TB-'"'""' 


+ (l + a^)c-. 



85. (B2-4i) + 3)j; = e*cosajc + co83a;. 

28. (D3-SZ)^ + 4D-2)y-e' + coa3;. 

37, (D'^-9/>4-20)y = 20a;. 

SB, (/>■! - 3 D^ + 4)y = ea-. 

IT that -iV-P + -^ X, where JVaiid Mare conatanls, is equal 
le real pai-t o£ — /— i '\ Xoperated on by ND + M ; 

(Johnson, Di.ff. Eq., Art, 100.) 
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CHAPTER VIT. 



LINEAR EQUATIONS WITH VARIABLE 
COEFFICIENTS. 



65. The homogeneous linear eijuation. First method of s( 
This chapter will treat of liuear equations in wliicli the 
coefficients are functions of x. For tlie most part, however, 
it will discuss only a very special class of these equations, 
namely, the homogeneous linear equation. 

A homogeneous linear equation is an equation of the form 

where js,, pj, ■••, p,^ are constants, and X is a function of x. 

This equation can be transfonned into an equation with 
constant coefficients by changing the independent variable a; 
to z, the relation between x and z being 

z = log X, that is, ai = e". 

If this obaaige be made, tlieu 

dy _dydz _^1 dy 
dx~ dzdx^ xdz' 



x\dz^ dz/ 
\(d?y dh,. 
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On putting D for— , and cleaiing of fractions, these equa- 
tions become 

dx " 



«"i|,-O(-0-l)(-0-2) - (-B-.. + l)j; 

and, in general, the operators only and not the operand heing 
indicated, 

^^^ = D{D-l)-{p-r + l). (3) 

Hence, the substitution of e.' for x in (1) chaiiges it into the 
form 

\D{D-l)-{D-n+V)+p,D{D~V)-{D-n+2)+ .: +i)J^y 
^Z, (4) 

where Z is the function of z into which X is changed. 

Equation (4), having constant coef&eients, can be solved by 
the methods of the last chapter. If its solution be y =f{z), 
then the solution of (1) is ^ = /(log i")- 

Therefore equation (1) can be solved by putting x equal to 
e", thus changing the independent variable from x to z, which 
reduces the given equation to one with constant coefficients; 
and then solving^the newly foi-med equation by the methods 
of the preceding chapter. 

Ex.1. Solveic=g-i.g + v = 21og>;. 

On changing the independent variable by putting * equal to e=, this 
equation becomes 

{D(I>-l)-B + l]y = 2z. 
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On solving this equation by the methods of Arts. 61, 61, tlie complete 
integral is found to be 

which, in terms of x, la 

y - 'x,{e,i + cj logz) H- 2 logs: + 4. 



Ex. 2. Solve a;2 



66. Second method of solution : (A) To flad the complementary 
function. The solution of 



,,r};"ii , „_irf"~'!/ 
dx" ch. 



ViKy = X (1) 



can be found directly, without explicitly making the ti'aus- 
formation shown in Art. 65, 

The firat member of (1) becomes, when le" is substituted 
for y, 
Jm(m-l)Cm-2)...(m-^ + 1) + Pim(«i-l)-..(m-m + 2) 

Therefore, if 
m(»i-l)-(m~n4-l)4-P,m(«i-l)-(»t-^. + 2) 

+ -+ii.,-0, (2J 

the substitution of k" for y makes the first member of (1) 
vaniah ; and then a;" is a part of fclie complementary function 
of the solution of (1). Therefore, if the n roots of (2) are 
nil, "H ■■■('"'« the complementary function of the solution of 
(l)is 

the c's being arbitrary constants. 

It -will be noticed that the first member of (2) is the same 
function of m as the coefficient of y in equation (4) Art. 65 is 
of D. Therefore, corresponding to an integral y = 'jf^oi (1), 
there ia an integral y ~ e"^' of {-i) Art. 66 ; and hence, as has 
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already been seen, an integral of (1) can be obtained by substi- 
tuting log X for z in tlie integral of (4) Art. 65. Therefore, if 
(2) has a root mi repeated r times, the corresponding integral 
of equation (4) Art. 65 being 

y = e"^'(ci + c^z + c^z^+ ■■■ + c^'-'), 
the integral of (1) is 

:^ = a,-™jCi + Cjlog3;+.-. + c,(loga!y-'i. 

Similarly, if (2) have a pair of imaginary roots a ± ifi, tlie 
corresponding integral of (4) Art. 65 being 

y = e''"(ei cos (is + c^ siu jiz), 
the integral of (1) is 

y = ic"Jci cos (/3. log 4+ C2 sin^SOoga;) j. 

Substitution of K'" for y gives 



the roots of this equation a 
and hence the solution is 






=!-^''{"-(f'»-)— Kf'-)}- 



67. Second method of solution : (B) To find the particular Inte- 
gral. In this article and the two following, the particular 
integral of 

will be found. 
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Since the symbol D in (3) Art. 65 stands for — , that i 

for X—, this equation may be written 
dx 

dx' dx\ dx J \ dx j 



therefore (1), when Q is substituted for x~ therein,t takes the 
form 



dx 



J0(0_l)...(^_»+l)+p^fl(e-l)...(9-w+2) + ...+p,!;/=X. 
The coeflieient of y here is the same function of Q as the 
first member of (2) Art. 66 is of vn,. 
Let this equation be written in the symbolic form 

m%=^- (3) 

The method deduced, in Art. 66 for finding the comple- 
mentary function of (3) may on making use of the symbol be 
thus indicated ; If the n roots of /(0) = ai'e ^^ i9j, - - -, 9„ the 
complementary function of (3) is 

the o's being arbitrary constants. 

The particular integral of (3), after the mannei used in the 
case of f{U)y= X, in the last ehaptei-, ma> bi expiessed in 

the form -^X. A method for evaluating X muat nov, 

be devised, 

68. The symbolic functions /(ff) and — --. As to the direct 
symbol /(6), it is to be observed that its factors are commutar 
tive, For example, 

• See Forsyth, Differential Equations, Arts, 36, 37. 
t Thus e stands for the ^ o( Art, 65, which was there symbolized by 
! symbol is 
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and {e-a){$-P){e~y)y = x^y 



-«;8y^-0; 



and this sliows, by the symmetry of the constant coefficients, 
that the order of the operative factors is indifferent. The 
student can complete the proof of this theorem concerning f(&) 
toi himself 

If -— - X be defined as that function of x which when 

operated upon by /(fl) will give X, then it can be shown, by the 
method followed in Art. 57 in the case of the symbolie func- 
tion -p^, that -— -■ can be decomposed into factors which are 
commutative ; and also that it can be broken up into partial 
fractions. 

69. Methods of finding the particular integral. It is thus 
apparent that the particular integral of (3) Art. 67 can be 
found in the following ways: 

(a) The operator -— — may be expressed in factorial form, 

1 ''• •' 

and - — -Xwill tlien become 



here the operations indicated by the factors are to be taken 
in succession, beginning with the first on the right; the final 
result will be the particular integral. 
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the auiii of tlio results of the operations iiidicated will be the 
particular integral. 

Since the methoda {a) and {b) are made up of operations of 
the kind effected by -■ ■- upon X, the result oE the latter 
operation should be impressed upon tlie memory. 

Now, ■ X is the particular integral of the linear eqnar 

tion of the first order 

The partieiilai' integral of this equation, by A.rt. 20, is found 
to be x' ix'''''Xdx\ therefore 

-J—X = x'^ Cx-'-'xax. 

6 -If. J 

Hence the method («) will give 

as the value of the particular integral of (3) Art. G7 ; and the 
method (&) will give 

NyX'^^x-'^r^Xdx+N^^^i Cx-'^^-^Xdx ->r ■■■ +N^x'"' Cx-'"^~'Xdx 



(b), the operator — — must be applied to X, n times in a 
cession ; and this will give the result 

ar" j a;-' j a:"' j ■■■ j x-''-''X(dx)\ 

Ex. 1. Solve x^-l-2x''^--iy = x'. 

Here f(e) is e(e - 1)- 2 - 4,\vbiclA reduces to (0 -4) (9 + 1). 
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Ileiioe the complciueutary fuiictJon is c^x^ -\ — , and the particular 



On using partial fractions, tlio latter will be written 

-I ■ -X* z']; this reduces to 

5\e~4: e+l j' 

\v^\x-* i+^(Ia — 5»"' i *' '-"-'lie, wliich on integration is 

gMogj: X* 
5 25' 

Tlie complete integral is, tlicrelorc, 

!, = c„. + f + 'y»i 
the term - ^ is included in the teem fti*' of tlie complementary functiot 






Ex.2. Solve 22"J+5j;^J? + 4j, = 3:4. 



Ex.3. Solve .^g+2.|-20,=(. + l)^. 

70. Integral corresponaing to a term of form a?" in the second 
member. In the case of the homogeneous linear equation, as 
in that of the equation discussed in the last chapter, methods 
shorter than the general one can be deduced for finding the 
particular integrals which con-espond to terms of special form 
in the second member. For instance, 
1 1 „ 

Peoop: I a:— )a^" = mx", (k-j- ) a;" = ni'^sr", and for any positive 

integer i-, I Xy \ x" = iwx^. Now/(e) ia a rational integral luiiction o£ 
e, and therefore /(e)*" =/(m)K". 

Applying to hoth members of this equation, and transposing, 

/(«[) being merely an algehraic multiplier, 
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If m ia a root of /(e) = 0, then f(m) = ; and lience the metliod fails. 
Ill this case /(fl) can be factored into (S — m}^(e); tlie particular integral 
then becoiaes — —x"", which rediicea to — - — e"; this Is 

equal to ^!^1^. 

If m is repeated as a root r times, f(e) = F(8) (e - m)'. and the cor- 
responding integral is — — ■ — — x'", wiliicli has tlie value ^-i — S — L. 



Ex. 1. Solve 3f-r 



74!+<. !-="■. 



Here/Wis 6^ + 6^ + 5; 

hence the complementary function is c^x-' + Coxr^ ; and the particular 

intearal is a'.'.which, on sabstitutina 5 for fl, becomes — - The 

* 0i^Ce + 6 ^ ' 60 

complete solution is thus 

y = CiK-' + c^x'^ + Ij:- 

Egrals of Exs. 1, 2, S, Art. 69 by this 

71. Equations reducible to the homogeneous linear form. 
There are some equations that are easily reducible to the 
homogeneous linear form ; and hence also to the form of the 
lineal' ec[uation with constant coefficients ; for, as has been seen 
in Avt. 65, these two forms aie transformable into eaeh other. 

Any equation of the form * 

+ P._.(<. + 6«)|+Pj=F(«), (1) 

where the coefficients Pi, ..., P„, are constants, is transformed 
into tlie homogeneous linear equation. 



t»-(^) 



* This is Icuown as Legendre's equation. See footnote, p. 105. 
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when the indepeuclent variable is changed from x to z, by the 
substitution of e for a + bx. 

If the solution of (2) be y = F(z), the solution of (1) is 
t/ = F(a+bx). 

If e' had been substituted for a + bx, the independent vari- 
able thus being changed from a; to i, there would have been 
derived a linear equation with constant coefficients. 

Ex.1. Solve (5 + 2j;)=g-6C6 + 2>;)J+8j, = 0. 
Ex.2. Solve (2:.-l)'g + (2«-l)g-23 = 0. 
EXAMPLES ON CHAPTER VII. 

= ic^ + 4k + 3. 
8. (j;=C' + iZ' -!)!/ = «"', 



13. a?!*' -C2m-l)il>+(m*+ "')!' = n^3?°log3;- 
14 r-^^ "t''^ I :j lOE * ■ SJn (log lc) + 1 
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CHAPTER VIII. 

EXACT DIFFERENTIAL EQUATIONS, AND EQUA- 
TIONS OF PARTICULAR FORMS. INTEGRATION 
IN SERIES. 

72. In this chapter linear differential equations tliat. are 
exact will be first discussed, and then eqaations of certain par- 
ticalar forms will be considered. Some of the latter come 
under some one of the types already treated; but in obtaining 
their solutions, special modifications of the general methods 
can be employed. It often happens that an equation at the 
same time belongs to several forms; instances of this will be 
fonnd among the examples in Arts. 76, 77, 78, 79, 80. 

73. Exact diffeTential equations defined. A. diiferential 
equation, 



J^y dy \ _ 



is said to be exact when it can be derived by differentiation 
merely, and without any further process, from an equation of 
the next lower order 



/(£3.-4»)-J^^«^ 



Exact differential equations of the first order have been 
treated in Art. 11. 

74. Criterion of an exact differential equation. The condition 
will now be found which the eocfflcientg of a differential 
equation, ,„ ,„_, 
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must satisfy in otdet that it tie exact. The coefficients Po, 
Pi, ■", P„, are functions oi. x; in what follows, their successive 
derivatives will be indicated by P', P", ■•-, P"'. 

The first term of (1) is evidently derivable by direct differen- 
tiation from Pfl- - ^ , which ia therefore the first term of the 

03!"-' 

integral of (1) ; on differentiating this and subtracting the 
result from the first member of (1), there remains 

The first term of (2) is evidently derivable by differentiation 

from (Pi — PJ) ^, which is therefore the second term of 

(to"-' 
the integral of (1). On subtracting the derivative of this term 
from (2) there remans 



The first term of this expression is derivable f roi 
(P,-P,' + P«")| 






which will therefore be the third term of the integral of (1). 
By continuing this process, the expression 

|P.-,--P.-.'+-+(-l)-'-P."-"!|+-P.3 (3) 

will be reached, the first term of which is evidently ricrivablo 

from 

{p„_,-p„_,'+-+(-ir"^Po"'-'Mj'- (4) 

Both terms of (3) will be derived from the expression (4), if 
the derivative of the coefficient of (y) in (4) be equal io P^ 
that is, if 

n--P«i'+-+(-l)''-n'"' = 0. (6) 

But if both terms of (3) are derivable from the expression 
(4), an integral of (1) has now been obtained in the form 
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+ ... + jf, ,~P„,,'+..-(-l)"P„'"-')j;/ = q- (6) 
Therefore (1) has an integraj, (6), that is, (1) is exact if its 
coe£lcients saiisfy condition (5). 

75. The integration of an exact equation; first integrals. If 
the second member of (1) Art. 74 be f{x), and condition (6) 
be satisfied, the second member of (6) will be if{x)dx + c. 

If equation (6) Art 74 is also exact, its integral can be found 
in the same way; and the process can be repeated until an 
equation of the second or higher order that is not exact is 
reaehed; in some cases, this process can be carried on until 

a value of -M, or of v is obtained. Equation (6) is called a Jtj-st 

dx 
integral of (1) Art. 74. 

It is easily proven by means of Arts. 3, 4, and Note C, p. 194, 
that an equation of the nth order has exactly n independent 
first integrals.* 

Sometimes equations that are not linear can bo solved by 
the 'trial method' employed in the case of (1) Art. 74, for 
instance, Exs. 6, 7, below. 

This ia neither a homogeneous linear equation, nor one having 
coefficients. In it, P^ = x, Pi = x'^ -3, Fi = 4x, Pj = 2 ; and ihc. 
dition that it be exact ia satisfied by these values. 

Integration gives 

The condition under which thia equation is exact is also satisfied ; 
grating again, 

» See Forsyth, Difereiitial Equations, Arts. 7, 8. 
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This is not. exact, but it ia a linear equation o£ tlie liiat uidcr, aud 
leiice solvable by the method o£ Alt. 20. The solution is 



'^^ = c,j§,d. + c.,jfa. + e, 



Ex. S. Solve x^^+ 3sfi^ + (3 - Ox)x'^ij = X* + 2x -^ 5. 



The coefflcienta of lliis equation do not satisfy condition (G) Art. 74 ; 
and iieiiee it ia not exact. However, an integrating factor k™ can be 
deduced, wihlch will render it an exact difterential equation. 

Multiplication by k" gives 

Application at condition (5) Art. 74 to the first member, sliows that 
for that condition to hold, m must satisfy the equation 

(m + 2) (m + 7)x''+^ - 3 (m + 2):t~5-5 = ; 

that is, m must be e^ual to — 2. 

On using the factor — , the original equation becomes 

ivhich is esact. 

Integration gives the first integral 

x-|+3.(l-.),=f + 21.g,+5, 
lincM equation ot the first order. 
Ex.3, solve .g + 2.| + 2,.0. 
Ex.4. Solveg + 2«'| + 2^j, = a;^. 
Ex.6. Solw6^x'^I + 2x^ + Zy = x. 
Ex. 6. Find a first integral of ^?"^^ - »%^^ = a^. 
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76. Equations of the form ~-^_^f{x). 

This is an exact differential equation. Integration gives 
^^ — if(x)f]a! + c,; a second integration gives 

by preceding in this way, the complete integral 



s obtained. 










Ex. 


1. Solve 










Integrating, 


s- 


- e* + ci, 










l=" 


— 2e' + eix + cs, 




This 


1 equation could also have been 


solved 


+ 63. 
I by the method of Chap. VI. 


Ex. 


2. Solye 










Ex. 


8. Solve 


.^*^+l 


= 0. 






Ex. 


4. Solve 


s:;^ — ^ - 


lins. 







cl'j_ 



-m. 



which in general is not linear and is not an exact differential 
equation, can be solved in the following way ; 

Multiplication of both sides by 2 -^ gives 
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EQUATIONS NOT CONTAINING y. 



whence 



\'^jf{y)dy- 



ff{y)dy+ci- 

= dx, 



h 



integrating, {^^ = - a*j^ + ci = a\-^ - y^) 

on putting a^ for Ci ; 

separating tlie variables, — ndr^ 

and integrating, sin.""! ~= iai + c^, 

iienee, j = c sin {ax + e^) . 

The given differential equation is linear, and y can be obtained tlirectly 
;s o[ tlie auxiliary cf[uation being 
I + Ca cos ax ; 
that is, ?/ = Ci sin (ra + Cj). 

This equation is an important one in physical applications. 






'^\^. 



Ex. 4. Solve ^j - ahj = 0. 

78. Equations that do not contain y directly. 'l?lie typical 
form of these equations is 



■' \dx'" 
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Equations of tliis kind of tbe first order ■were considered in 
Art. 26 ; and those of Art. 76 also belong to this class. 

Up be ...tatitaW for §1. then g-*, .-, f^. = £Si 
,,,>,, ., . dx' 0.3? dx' ' ax" (fee"-' 

and (1) takes the form 

an equation of the (n — l)th order between w and p ; and this 
may possibly be solved for p. Suppose that the solutioa is 

then p= ( F(x)dx + c. 

If the derivative of lowest order appearing in the eqiiation 
be -z-^, put 3^= Pi find p, and therefrom find y by Art 76. 

R.I. Solve, -g-4.g + e| = l 

Putting p toi ■—-, this becomes 




79. Equations that do not contain x directly. The typical 
form of these equations is 

,f^"y ... ?.? .,^-n in 
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Equations of this kind of the first order were considered 
in Art. 26 ; and those of Art. 77 also belong to this class. 



If p be substituted for y- , then 



and (1) will take the form 

an equation of the (ji — l)th ocder between y and p which may 
possibly be solved for p. Suppose that the solution is 

P = f{y) i 

then the solution of (1) is 



J: 



/O/) 



Ex 4 Solve '^'^ + 2^ + i{^'^Y= by the method ot tbis article, 
and by that of Art. 78. 

80. Equations in which y appears in only two derivatives 
whose orders differ by two. The typical form of these equa. 
tions ii 

~ =0. m 



■^\iic''' dx 



diff"^ 
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If q be substituted foe 3-r^,, then V7, = -^4 ; aj>cl (1) becomes 



/(S.*»)=»^ 



then y can be found by the raethoLl of successive integi-ation 
shown in Art. 76. 

Ex. 1. Solve ~-Vifi~ = ^i Viotli by tliis mctliod and tlmt of Chap. VI. 

Ex.8, Solve -rr^ — 'm? --{,= £<•'■ Ijotli by this iiicOiotl and Uiat of 
Chap. VI. 

S..!. Sol,..-g+a.g=0. 

81. Equations in which y appears in only two derivatives 
whose oiders differ by unity. The typical form of tliese equa- 

If q be substitutecl for -7-^, then -^^ = "i ; i ^''^'^ (1) buuomes 

/(|,.,»)=o. 

an equation of the first order between q and k; its solution 
will give the value of q in terms of x. Suppose that the solu- 
tion is 

_ d"-'j/ _ _ 
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then, from this relation, by successiTS integration, the value of 
y can be deducBd. 



On putting q for -^, this becomes 

integrating, aq = a-^ = ■\/afi + (^ ; 

iulegraling again, ay~ J [xVx- + c? + c^log(ij; + v'j;^ + c^) + Cj]. 

-— "§=['+('1)"]' 

Ex.3. Sol.e xf| + *=0. 
(!*' lie 



82. Integration of linear equations in series. When an equor 
tioD belongs to a form whicli cannot be solved by any of the 
methods hitherto discussed, recourse may be had to finding 
a convergent series arranged according to powers of the inde- 
pendent variable, which ^vill approximately express the value 
of the dependent variable. Por the purposes of this article 
it is assumed that such a series can be obtained* 

Suppose that the linear equation 

can have a solution of the form 

y = At0" + Ai^r' + A^ -\ \-A^'^-i , (2) 

where the second member is a finite sum or a convergent series 
for some value or values of x. Concerning this series three 
things must be known : namely, the initial term, the relation 

• See Note B. Also Porsytli, Differential Equations, Arts. 83, 84. 
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between the exponents of x, and the relation between the 



The law for the exponents will he apparent on substituting 
aT for y in the first member of the given equation. Suppose 
that the expression obtained by this substitution is 

/,(»)«-■+/.(.»)*•••. (3) 

lu general (3) will contain more than two terms; in the 
case of the equations in Art. 66 it contains only one term. 
Under the supposition just made, the successive differences 
of the exponents of x in the series sought must evidently b 



this common difference will be denoted by s. 
now be written 



Solu- 






1 (1) will give, in virtue 



tion (2) 

y = A^fe'^ + Ap:"^' + 
or simply ; 

Substitution of this series for y ' 
of (S), 

+ AJ,(m + »)ir'*- + J,/,{m - 
+ -■ 

+ A-iS [<»+(>■ -1)<] «"'*"- 
+ A-,/.[»'+(>'-l)»]"?-+- 
+ A/i(«> + >■•)!«"■*" 

+ A,Mm + rn)^'+<^'>' 
+ ■■■ 

Since equation (5) must toe an identity, tlie c.oeiiicients of 
eaeh power of ic therein must be equal to ze'o ; tience 

A(m) = (6) 

and A,f,{m + rs) + 'A^J,[m + ir~T)s2 = 0. (7) 

The roots of (6) give the initial exponents of series that 
■will satisfy (1) ; and equation (7) shows that 
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^ /,(m + ,-.) ^'-■' 

which is the relation between successive coefficients. The 
difference between the exponents in (3) might have been taken, 
m' — m" or — s; in this case, the resulting series would have 
had their powers in reverse order to those of (4); and the 
initial terms would have been fonnd by Bolving/g(m) = 0. 

In determining the initial power of x for an equation of the 
nth order, that coefficient in (3) which is of the mth degree 
in m must be put equal to zero, since there must be n inde- 
pendent series in the general solution. If both /[ (in) and /s(m) 
are of the nth degree, two sets of series can be derived, one 
in ascending powers and the other in descending powers of x. 

If the expression (3) have another term ^(Mi)iK"", the terms 
of the series can be successively deduced, but the process will 
be much more tedious. This method can also be employed in 
the case of non-linear equations, but more than a very few 
terms can be calculated only with difficulty. The equations 
previously considered can of course be integrated in series; 
Ex. 2 below will illustrate this. The procedure when the 
second member of (1) is not zero will be made clear in the 
first example below. 

Es. 1. Integrate (1) x*^ + x^+y = x-'^. 
di^ dx 

First find the complementary function. The substitution of x" tor y 
in the first member gives 

(2) ™(m-l)it™^=-Km-l-l>°'; 
whence a = — 2, and m = or 1. 

The substitution of S -AiX"-^ for y gives 

The coefficient o£ ar"-*+' must vanish ; therefore 

(m - 2 !-)(m - 3 r - 1) J, + C™ - 2)- + i)Ar-i = 0, 
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is the relation between the cMtficienta, 
"""' '^2r('2.-H-l) ■■"""'' 

^3 = " ^a = - — ^0, etc. ; 
0.7 7! 



v1. 


2- 






. 1- 


-1) 

" A 0, 


eacli 


4(3- 

nqiial t 


.0 zero ; tin 



Heiico the complementary function is 

I, 31 51 71 } \ xj 

In order to find the particular integral, eahstitute AtiX"^ for ij ; then 
must ra(ra — 1)^09'.'"+' = *"■■ ; comparison of the exponents shows that 
m = — 3 ; antl hence jto — Jj. 

For 131 = — 3 ; the relation (3) between the coeflioients heoomcs 



■,-rA^i 



' (2r + 3}(2r + 4)~' 
-^0, Ai = — ^'f A„, A^: 
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and the particalar integral is 



that is, 23;-3{l +- 



^2^.- 



Ex. 2. Show by the method of integration in .series, that the general 
solution of -5^ + j; = is Acoax + Bninx. 

83. Equations of Legendre, Bessel, Riccati, and the hypergeometrie 
series.* A fuller discussion of integration in series than is here attempted 
is beyond the limits of an introductory course in difterentiii equations. 
The purpose of Art. 82 has merely been to give tlie student a little idea 
ot a method which is of wide application ; and whii,h is used in solving 
four very important equations that often ooeitr in investigations in applied 
mathematics, — the equations of Ricoati, Bessel, Legendre and the hyper- 
geometrie series. 

Johnson's Differential Equations, Arts. 171-180, discusses the methods 
to be followed when two roots of (6) Art. 82, become equal, the corre- 
sponding series then being identical ; and when two of the roots differ by 
a multiple ot s, one series then beii^ included in the other ; and when a 
coefficient Ar is infinite. 

The equations referred to above, and references to be consulted con- 
cerning them, are as follows : 

t Leyendre's equation is 

* In connection with this article, the student is advised to read W. E. 
Byerly, Fourier's Series and Spherical Rarmonics, Arts. 14-18. 

t Adrien Marie Legendre (1752-1833) was the author of Elements of 
Geometry, pulDlished in 1794, the modern rival of Euclid. He is noted 
for his researches in Elliptic Functions and Theory of Numbers. He 
was the creator, with Laplace, of Spherical Harmonics, 
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where n is a constant, generally a positive integer. See Es. 5, Art. 82. 

(Forsytli, Di^. Eq., Arts. 89-89 ; Johnson, Diff. Eq., Arts. 222-220 ; 
Byerly, Fowier''s Series and Spherical Hai-monics, Arts. 9, 10, 13 (c), 
16, 18 (c), and Chap. V., pp. 114-194; Byeily, Harmonic Fimctions 
(Merriman and Woodward, Higher Mathematics, Chap, V.), Arts. 4, 
12-17.) 

* BesseVs equation is 

ia which n is usually an integer. 

(Forsyth, Diff. Eq., Arts. lOO-IOT ; Johnson, Diff. Eq., Avta. 215-221 ; 
Byerly, Fourier's Series, etc.. Arts. 11, 17, 18 (d), and Chap. Vll., pp. 
219-233 ; Byei'ly, Harmonic Functions, Arts. 5, 19-23 of Chap. V. in 
Higher Mathematics; Gray and Mathews, Bessel Functions and their 
Applications to Physics; Todhunter, Laplace's, Lame's, and BesseVs 
FwnMlons.) 

t Biccati's equation is 



to wliioli form is reducible the equation x-^ — ay -\- hy^ = fx". The 
latter equation ia integratle in finite terms when n = 2a, or when — ^ — - 
is a positive integer. Ricoati's equation can be reduced to a linear form, 
but of tlie second order, ~ ± aVw = 0. 

(Forsyth, Diff. Eq Art? 108-111 ; Johnson, Diff. Eq., Arts. 204-214 ; 
Glaiaher, Memoir m Phil Tians 1881, pp. 759-S28.) 

• Frederick Wilhelm Bessel (1784-1840) may be regarded as the 
founder of modern pi'ictic^l aslioiomy. In 1824, in connection with 
a problem in orbital mot on he introduced the functions called by his 
name which appear m the integrals of this equation. 

f Jaoopo Francesco Count Riccati (1676-1764) is best known in con- 
nectjon with this e luition, which was published in 1724. He integrated 
it £or some special cases. 
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* The differeittial equation of the kypergcometric si 




usually denoted by F{a,, §. 7, x), for one of its particular integrals ; and 
lias a set of 24 particular int«grals, each of which contains a hypergeo- 
metric series. 

(Forsyth, Dijf. Eg., Arts. 113-134 ; Johnson, flif. Eq., Arts. 181-203.) 



EXAMPLES ON CHAPTER Vlll. 
1. Show tliat the following equation is exact and find a first integral. 

(''""■S)S+'<'-'{|->'l+»=»' 



' 


d>c^ 


.(,.■-.■)* <■«>■-.■) 








3. 


(1+! 


■+»■)§+(= + «»)§- 


^«S-«' 






4. 


Find 


a first integral "^ ^'^ + 4«'^ +«(«' + 2) ^ + : 


3!k2s = 23. 


6. 




••§=»■ 








6. 


(1) 




(sn* 







• This is also called the Gaussian equation, and the series, the Gaussian 
series, after Karl Friedrich Ganss (1777-1855), who is regarded aa one of 
the greatest mathematicians of the nineteenth century He is especially 
noted for his nyention of a new method fir calculating orbits ind for 
hia leaeirches m the Theory of Numbers It was Euler (see footnote 
p 64) who discovered the series and set forth its differential equation 
but Gauss made important inyestigations concerning the seues tnd 
showed thit the oidmary algebraic trigonometrical and exponential 
series can be representPd by it (For illustraiiuns of the last remark 
'iLC T 1 nwn DilfnsnUal Fqr Hx s Ex 1 p 22U ) 
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■^ 4. I-B -rS 11 '^!' 4. 14 , '^^ J- 4 „ - ^ 



13. ;,(l-logs)|| + (l + logj,)(^^J 



20. Find three independent first integrals of -= 



y Google 



§ 84, 85.] EQUATIONS OF THE SECOND ORDER. 



CHAP-J-EK IX. 
EQUATIONS OF THE SECOND ORDER. 

84. There are other methods of solution, diifeceut from those 
shown in the last three chapters, which are applicable to some 
equations of the second order ; Arts. 85-89 will be taken np 
with an exposition of tliree of these methods. 

If a differential equation is not in a form to which any of 
the methods already described apply, it may be possible to put 
it in such a form. The very important transformations of an 
equation that can be effected by changing the dependent or the 
independent variable will be discussed ill Arts. 90-92. Art. 93 
will contain a synopsis of all the methods considered up to 
that point which may be employed in solving equations of the 
second order. 

85. The complete solution in terms of a known integral. A 
theorem of great importance relating to the linear differential 
equation of the second order, is the following : 

If an integral included in the complementary function of 
such an equation be known, the complete solution can be 
expressed in terms of the known integral. 

Suppose that ?/ = j/i is a known integral in the complementary 
function of 

then the complete solution of (1) can he determined in terms 
of y,- 

Let y = y{ii 
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be another solution of (1) ; v will now be determined. On 
substituting y(o for y in (1), it will become 



since 


(ft. 

, by hypothesis, 

A. 


\ y,dx jdx 


'X 


Or 


I putting p for 


dx 


"2) becomes 








dp 
dx 


^KS)- 


'Vi' 



(3) 

and this equation, being linear and of the first order, can be 
solved for p. On using the method of Art. 20, the solution 
is found to be 

dx yi^ y,^ J 

whence, integrating, 

V = c, + c, f?::^ dx + r?ll^' Cy,e!''^X(dxy. 

Therefore another solution of (f) is 

y = y,v^cs, + c,y, ('^ dx + yr f^ Cy.eS'^S {die)K (4) 

This includes the given solution y = y,; and, since it con- 
tains two arbitrary constants, it is the complete solution. 
I'rom the form of the solution (4), it is evident that the 

second pari: of the complementary function is y, 1 ^dx, 

and that the particular integral is y^ J ^ — — | y^^'^'X^d^. 
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86. Relation between the iategrals. Ti is easily shown, that 
ity = yi,y~ y^ be two independent integrals of 

(See Forsyth's Diff. Eq., Art. 85 j Johnson's Diff. Eg., Art. 147.) 
It may also be remarked in passing, that the deduction of 
(3) Ai-t. 85 from (1), when an integral of the latter is known, 
is an example of the theorem : that, if one or several indepen- 
dent integi'als of a linear equation be known, the order of the 
equation can be lowered by a number equal to the number 
of the known integrals. 

(See Forsyth's Diff-. Eq., Arts. 41, 76, 77.) 

87. To find the solution by inspection. Since the complete 
integral of (1) Art. 85 can be found if one integral in its 
complementary function be kuown, it is generally worth while 
to try whether an integral in the latter can be determined by 
inspection. 

■^- '•«*"§+"-"*-'='■■ 

Here, the sum of the coefficients behig zero, e-' is obviously a solution of 
Substitution o£ ve' for y in the original equation gives 

this, on substituting p for -r-, becomes 

3, linear equation of the first order. Its solution is 
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hence u = log K + ci I x-'e-'dx + Ci ; 

and therefore the complete solution is 

Equation (i) Art. 85 might have heen used as a substitution formula, 
but it is better to vvorli out each example by the same geneml method 
by which (4) was itself derived. 



[Here, y = xis obviously a solution when tho socond member is 
A solution can often be found by an inspection of the terms of 
order in the equation.] 



Ex.8. Solve (S~x)~ — 



= 0, given that ar + - 



88. The solution found by means of operational factors. Sup- 
pose that the linear equation of the second order 

is expressed \\\ the form ft,D)y = ^^ 

Sometimes J{D) can be resolved into a product of two fac- 
tors Fi{D) and Fj{-D), such that, when F,{D) operates vipon y, 
and then F2{D) operates upon the result of this operation, the 
same result is obtained as when F{D) operates upon y. This 
may be expressed symbolically, 

f{D)y = F,{D)\F,(D)yU 

or simply, f{D)y = F,(D)F,{D)y, 

it being understood that the operations indicated in the second 
member of the last equation are made in order from right to 
left. Factors of this kind have already been employed in deal- 
■ ing with linear equations with constant coefficients, and vfith 
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the homogeneous linear equ'ations, Arts, 63, 65, 67, etc. With 
the exception of the classes of equatioiia just mentioned, the 
factors are generally not com mutative ; this can be verified in 
the case of the examples below. 

If one of the integrals be known, its corresponding factor is 
known, and the second factor can be detennined by means of 
the equation and the known factor. For instance, if ?/ = e* be 
an integral of the given equation, then (D — l)y is the corre- 
sponding factor ; ii y = x he an integral, (xD — V)y is the 
corresponding factor. The following example will make the 
method of procedure clear. 

This equation, which is Ex. 1, Ait. 87, when wi'ittcn in tlio symbolic 
{xlP^iX - x)D - \]y ^ <-.' ; (1) 

on using symbolic factors, it becomes 

(xZ) + l)(D-l)y = e-- (2) 

[These factors are not commutative, for (i* - 1)(3:D + 1)1/ on expan- 
sion gives {xD-^-Vf.^ - %)D - m\. 

Let (0-l)!/ = jj, (3) 

and (2) becomes (srD + 1)b = e' ; whence, w = cs;-' + t^yr''. 
Substitution of tliis value of -a in (3) gives 

(D-l)!/ = cx-' + e-j;-i; 
whence, on integrating, y = cie* -f ce' ( er''%-'^fix \ «•■ logs:, 
the solution found in the last article. 

Ex. a. Solve Ex. 3, Art. 87, by this method. 
Ex.3, Solve 3^2 ||-K2 -6x^)^^-4 = 0. 



'■ ria:^ + '■^ ■■ " ■^ "■^ -'^j; 



Ex, 4, Solve3»:^^, + C2-ifix-6^')- 
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89, Solution found by means of two first integrals. It fol- 
lows, from a statement made in Art. 75, that a linear equation 
of the second order lias two first integrals of tlie first order. 
If these integrals be known, then —■ can be eliminated be- 
tween them ; the relation thus found between x and y will be 
a solution of the original equation. 

Another method of solution that can be used in the case of 
the linear equation of the second order is the "method of 
yariation of parameters."* As most of the equations solvable 
by it are solvable in other ways, and as it is rather long, it 
will not be given here. (See Johnson's Diff. Eq., Arts. 90, 91 ; 
Forsyth's Diff. Eq., Arts. 65-67.) 

Es. Solve as[^jy = l + f^yiiy means of the first integtal3. 

On putting j^=Pi yl = T^' ^^^ integrating, there appears a first 
integral 

p + vT+p^ = e~°~. 

On substituting for -r^ its equivalent expression p ^ ■ ^"'^ integrating, 
another first integral is obtained. 



The elimination of p between these first integrals gives the solution 



90. Transformation of the equation by changing the dependent 
variable. Sometimes an equation can be transformed into an 
integrable typo by clianging the dependent variable. If any 
linear equation of the second order, 



* This metliod is due to Lagrange. 
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ba taken, and y^v be substituted for y therein, j/j being some 
function of a;, (1) will be tranaformed into 

which has v for its dependent variable. 
This equation may be written 

rfa;' dx y^ 

where P, = P + ~J, (4) 



and 



y,\dx' dx 



Any value desired can be assigned to Pi or Q, by means of a 
proper choice of y,. Thus, Qi will be zero if J/i be chosen so 
that 



^ _ 



this is what was done in Art. 86. 

Again, Pj, the coefficient of the first derivative in (3), can 
have any arbitrary value assigned to it ; but then y, must be 
chosen so as to satisfy (4) ; that is, 

^/l = e4/"^-'■'-^ (6) 

91. Removal of the first derivative. In particular, it follows 
from (4) or (6) Art. 90 that P, is zero 
if ?/, = e-iS'^'. 

On substitirting this value of y^ in the coefficient of v in (2) 
Art. 90, this coefficient becomes 
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Therefore the differential equation (1) Art. 90 of the second 
order is transformed into a differential eijuation not containing 
the first derivative, by substituting 

and the transformed equation is 



where 0,= Q-i^--4P* and X, = Xe^S'''^. 

The new equation (1) may happen to be easily iotegrable. 
Transforming (1) Ai-t, 90 into the form (1) is called " removing 
the first deiivative." The student should memorise the above 
values of the new Qj and Xi, in tenns of P, Q, X, for then he 
can immediately write down the new equation in v, without 
the labour of making the substitution in the original equation 
and reducing. 

It may be remarked in passing that this removal of the 
term next to the second derivative is merely an example of the 
general theorem, that the coefficient of the term of {n — l)th 
order in a linear equation 



can be removed by substituting y^v for y, where 

The reader can easily verify this by making the substitution. 
(See Forsyth's DilT. Eg., Art. 42.) 

Ex.1. Solve^ + i^+(^-^~«-> = 0. 

Here P = a:-s, 0=-^ -; and hence j, = e-!J''«^ = e-iA 

4kS 6x^ ^ 
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If the second term lie removed, 

and hence the transformed equation is 
tlie solution of wMeb is 

Hence tlie general solution of the given equation is 

Ex. 2. Solve ix^^ + 4x^'^ + (_x>^ + 6jy> + 4jy -0. 

Ex. 8. Solve ^2 + ^*™ '^5^+'' 5' = "- 

Ex.4. Solvea4^-2C^! + a;)^ + (s:= + 2a:+2)!/t=o. 

92. Transformation of the equation by changing the independent 
variable. An equation can sometimes be transformed into an 
integrable form by changing the independent variable. 

suppose that § + '"S + * = ^ (1) 

is any linear equation of the second order, and that tlie inde- 
pendent variable is to be changed from cc to «, there being 
some given relation, z=f(!C), connecting x and 3. 

dv dydz ^ dhi dhifd'zY , dydh 

Since -T- = -T-^-i fmd 34=3-1 3- +:r--T-ai 

dx dzdx dx^ dsr \dxj dz dx' 

(1) becomes S + -P'S+ '«- ^.. (2) 



(S) 
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Pi, Qi, Sj, as just expressed, are functions of a; ; but can. be 
immediately expressed as functions of z by means of the rela- 
tion connecting z and x. 

Any arbitrary value can be given to Pi; but then z must 
be so chosen that it satisfies the first of equations (3), In 
particular, Pi will be zero if 

^ + P^=0 that is.if 2= Ciri'^dx. 
da? dx J 

Again, the new coeffloient Qi will be a constant, a^, by virtue 
of the second of equations (3), if 

as/'^y^ Q, that is, if a2 = TVQ dx. 



WraA z, Buoh that ( — 1 = — • solving, z = - 
Change of tlie mdepeiideiit vEiriable froai x U 

£'+■'=»• 

and this has for its solution 

y = Acosz + lismz 



Hen 


Lce 


the solution of tlie given 


eiiuation 








J/ = fi,C 


;03^ + Ca E 


Ex. 


2. 


s„.„S + , 


„..|.,„c«c.. 


Ex, 


3. 


s*..g- 


-^ + 4A 


-a:^ 



93. Synopsis of methods of solving equations of the second order. 
This article is merely a synopsis of all the methods discussed 
thus far in the book that are employed in the solution of equa- 
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tions of the second order. Several of these methods may be 
suitable for solving the same equation. The references are to 
the chapters and articles where the methods are described. 
The student ia advised to select a few eqnatiooa of the second 
order from the articles referred to, and to solve each one in 
two or more different ways. 

An equation of the second order may be 
(«) linear with constant coefBcients, [Chap. VI.] ; 

(b) a homogeneous linear eqaation, [Chap. VII.]; 

(c) an exa«t differential equation, [Arts. 73-75, 76] ; 

(d) an equation that does not directly contain the dependent 

vai-iable, [Arts. 76, 78] ; 

(e) an equation that does not directly contain the independent 

variable, [Arts. 77, 79] ; 

(/) in the form ^=/W. [Art. 7T] ; 

(3) an equation, one of whose integrals is known or is easily 
found by inspection, [Arts. 85, 87] ; 

(ft) factorable into symbolic operators, [Art. 88] ; 

(i) an equation of which two first integrals can be easily 
found, [Art. 89] ; 

(j) an equation that can be integrated in series. [Ai^t. 82]. 

If the equation ia not in an integi-able form, it may he put in 
such a form by 

(a) so changing the dependent variable, that (1) the coefficient 
of the first derivative will have an assigned value 

[Art. 90] i 
or tliat (2) (in pai'ticular), this coefficient will he zero 

[Art. 91]; 
(ft) so changing the independent variable, that (1) the equation 
will he transformed into the linear form with constant 
coefficients, or into the homogeneous linear form 

[Art. 71] ; 
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or that (2) the coefficient of the first derivative will have 
an assigned value, and, in particular, the value zero 

[Art. 92] ; 
or that (3) the coefficient of the variable will have an as- 
signed value, and, in particular, be a constant 

[Art, 92]. 
EXAMPLES ON CHAPTER IX. 

S. (K - 8)^-(4a; - Q)^- + 3(x - 2)y = 0, fi^ being a solution. 

8. x~~(2x~l)Y- + (_x~l)y = f>, given llial, 1/ = e^ is a solution, 

10 fccsinai+oosEl — — acosa— +S<!'>SK = 0, of ".vLi(!lit;=a;isasf)luUon. 
^ ' i7r;J ilr. 



ilx' dx 

■'-* dx^ dz 



a^g = 0, of wliich y = i:i 
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CHAPTER S. 
GEOMETRICAL AND PHYSICAL, APPLICATIONS. 

94. Chapter V. was devoted to geometrical and physical 
applications ; but the choice of problems foi' that chapter was 
restricted by the condition that a differential equation of an 
order higher than the first should not be needed in detei-min- 
ing their solution. The practical problems now to be giTCf* 
are of the same general character as those already set ; but ii' 
order to obtain their solution, equations of orders higher than 
the first may be required. 

95. Geometrical Problems. The following can be added to 
the geometrical principles and formulae given in Art 42. 

The radius of curvature in rectangular co-ordinatea is 



tm. 



If the normal be always drawn towards the K-axis, both it 
and the radius of curvature at any point on the curve are 
drawn in the same direction when y and — ^ at the point ai'e 
opposite in sign, and they are drawn in opposite directions 

when w and —^ agree in sign. This will be apparent on draw- 
die" 
ing four cvitves, one concave upward and one concave down- 
ward, above the x-sx'is, and two similar ones below this axis. 
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Ex. Find the equation of the curve for any point of which the second 
derivative of the ordinate is inversely proportional to the semi-cubical 
power of tlie product of the sum and difference of tlie abscissa and a con- 
stant length a ; determine the curve so that it ■will cut the y-asia at r^ht 
angles, and the ^-axis at a distance a from the origin. 

The first condition is expressed by eitlier of the equations 

^= >^ ,and^. ^' ■ 

Integrating the first equation, 

dy K^ X 
-f = --2-7 =— +ci; 

but, by the second condition, y- = when s^ = 0, and lience ci = ^ this 



but, by the tliird condition, y = when x = a, and hence c = ; therefore 
the equation of the cuiTe reduces to 

the equation of an hyperbola with transverse axis equal to 2 a, and conju- 



Had the second equation been talsen, the equation of au ellipse, 
if a^ + a^^ = n^iS would have been obtained. 

96. Mechanical and physical problems. The following can be 
adUed 10 tlie mechanical prindiples and formulse given in Art. 
48 ; s, V, X, y, r, 6, t, have the same aignification as before. 

— - = tlie acceleration of a moving particle, at any point in its 
"'^ path. 

—^ ~ the component of the acceleration parallel to the a;-axis. 
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-r^ = the component of the aceel oration parallel to tho y-x 






The force acting upon a paiticle is equal to the product of 
the mass of the paitirle lij the a«celeiation of the motion 
of the particle due to the foice* 

An attiactmg fone causes negative actelciation, anl a le 
pelling forte causes positive a^celeiation 

R\ 1 Find the diktat ce passed ovei by a moving point wlieii its 
acceleration la directlj pi portitnal to its distance fiom a fised point, 
the acceleration, being diiected towards tlie point from which distance 



Hi 




%'-"'■ 


Us 
whence 


mtthL 


i f Alt « 


where k^a'^ c 


onvcn^ 


iently represcnis the constant of integration. 


Hence 




'^' Mt; 


integrating, 




sin-'^=fti4-ft; 


hence 




s = aaiii(it + 6). 


Aiso, s c 
Chap, VI. 


;an bo found directly, without finding ^t by the method in 
Tlie equation may be written '" 






(D^ + -fc2)s = ; 



* A particular choice of units is presupposed in tliis statement. 
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hence s = cisinfc( + t'asiiiftf; 

that IB, s = (ism (fcC + &), 

as above. 

Ex. 3. In the case of the simple pendulum of ieiigtli (, tlie equation 
connecting tlie acoelevatioji due to gvavity and the angle S through which 
tlie pendulum swings is 

when S ia small, Dttermine the time of an oscillation. 



»^f— •'»#■ 



Let 9 = 00 and — = when ( :^ ; applying these conditions, i^i = fln. 
cs = 0, and hence 

e = flocosJ*';, thatis,t =-\|- cos-'-, 

which is the time ut owmg fiom flo to 6. If e = —6i), t = v-\-; hence 
the time o£ a complfte oscillation from flu to — floaiid hack again is 2 7r\l ■ 

EXAMPLES ON CHAPTER X. 

1. Determine the curve in which the curvature is constant and equal 
U)k. 

2. Determine the curve whose radius of curvature is equal to the 
normal and in the opposite direction. 

3. Determine the curve whose radius of curvature is equal to the 
nornial and in the same direction. 

4. Determine the curve whose radius of curvature is equal to twice the 
normal and in the opposite direction. 

5. Find the curve whose radius of curvature is double the normal 
and in the same direction, 

■ies as the cube 
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7. Find the curve whose radius of curvature varies inversely as the 
abscissa, 

B. Find tlie distance passed over by a moving particle when its 
acceleration is directly proportional to its distance from a fixed point, 
the acceleration being directed away from the point from which distauce 



9. Find the distance passed over by a particle whose acceleration is 
constant and equal to a, va being the initial velocity, and sa the iuitial 
distance of the particle from the point whence distance is measured. 

10. Fuid the distance pasaed over by a particle when the acceleration 
is inversely propoi-tional to the square of the distonce from a fixed point. 

11. Fmd the distance passed o^er by a body falling from rest, assum- 
ing thit the lesistance of the a i is proportional to the square of the 
velocity 

12. Tl e iiccelentnu of a moving particle being proportional to the 
cube of the velocitv and negitive find the distance passed over in time (, 
the initial velocitj being cu and the distance being measured from the 
position of the particle at the time ( = 0. 

13. The relation between the small horizontal deflection. of a bar 
tni^net under the action of tlie earth's magnetic field is 

A^+MHe = 0, 

where A is the moment of inertia of the minuet about the axis, 31 the 
magnetic moment of tlie magnet, and if the horizontal component of the 
intensity of the field due to the earth. Find the time of a complete 
vibration. 

14. In the case of a stretched elastic string, which has one end fixed 
and a particle of mass m attaolicd to the other end, the equation of 

where I is the natural lengtli of tlie string, and e its elongation due to 
aweight mg. Find a and v, determining the constants so tliat s = So at 
the time ( = 0, 

15. A particle moves in a straight line under the action of an attrac- 
tion varying inversely as the (|)th power of tlie distance. Show that the 
velocity acquired by failing from an infinite distance to a distance a from 
the centre is equal to tlie velocity which would be acquired in moving 
from rest at a distance a to a distance 'J. 
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le. A particle tnoveE in a stiaiglit line from rest at a distance o 
towards a centre of attraction, tiie attraction varying inversely as tin 
cube o£ the distance. Find tlie whole time of motion, 

17. The diSerential equation for a circuit containing 
induction, and capacity, in terms of the current and the t 

f(t) being the electromotive force. Find tlie current i. 
Ifl. The differential equation for the above circuit 
chaise of electricity in the condenser is 



Find the charge q. 




^^ 


4/(0. 


18. 


— i+ 


Ldi LO 


when . 


iP(? = 4 






20. Solve L—-V = 0, the differential equation whitli means that 

the self-indnction and capacity in a circuit neutraliee each other. Deter- 
mine the coiistanta in such a way tliat I is the maximum current, and 
i = when ( = 0. 

(The given equation, on differentiation, reduces to y^+-^= 0.) 

21. When the galvanometer is damped, the equation of motion may 



a beii^ tlie deflection of the needle from the position from which angles 
are measnred, when in its position of equilibiiam, the (actor k depending 
on the damping, and la' on the restoring couple. Find tlie position of the 
needle at any instant. 

(Emtage, ElectricUy and Magnetism^ pp. 179, 180. ) 

* 22. Find the equation of the elastic curve for a cantilever beam of 
uniform cross-section and length I, with a load F at tlie free end, the 
difierential equation being 

El'^„ = -Fx, 



where Jis the moment of inertia of the cross-section with respect to tlie 
* Merriman, Mechanics of MateriaU, pp. 72, 78. 
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neutral axis, and E is the coefficient of eliitiriti nt the niiteual of He 
beam. (The origin being talseu at Oie free and uf the btam the % 1x13 
teing along its horizontal projection, and the y lus being the \erticil 
-^ = when x = l, and w = when x = f> These conditions are suffi 

oient to determine the oonstanls.) 

• 33. Find the elastic curve when the load ia uniformly diitiibnted 

over tlie beam described in Ex. 22, say id per lineai unit the difiercntnl 

equation being 



t 24. Find the elastic curve for the beam conaidere 1 in r\ 2J, nhei a 
horizontal tensile force § is applied at the free end, the differential equa- 



* Mevriman, Mechanics of Materials, pp. 72, 73. 

t Merriman amd Woodward, Higlier Mathematics, Prob. 105, p. 153. 
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CHAl'-l.'li;H XL 

ORDINARY DIFFERENTIAL EQUATIONS WITH 
MORE THAN TWO VARIABLES. 

97. So far equations containing two variables lia,ve been con- 
sidered. It is now necessary to treat a few forms containing 
more than two variables. Snch equations are either ordinary 
01 partial, the former having only one independent variable, 
and the latter more than one. In this chapter ordinary differ- 
ential ecLnations will be discnssed. 

98. Simultaneous difCerential equations which are linear. First 
will be considered the case in which there is a set of relations 
consisting of as many simultaneovis eqviations as there are 
dependent variables ; moreover, all the equations are to be 
linear. 

By following a method somewhat analogous to that employed 
in solving sets of simnltaneons algebraic equations that involve 
several unknowns, the dependent variables corresponding to the 
unknowns, there is obtained, by a process of elimination, an 
equation that involves only one dependent variable with the 
independent variable ; and from this newly formed equation an 
integral relation between these two variables may be derived. 
Then a relation between a second dependent variable and the 
independent variable can be deduced, either (1) by the method 
of elimination and integration employed in the case of the first 
variable; or (2) by substituting the value already found for 
the first variable, in one of the equations involving only the 
first and second dependent variables and the independent 
variable. The complete solution consists of as many indepen- 
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dent relations between the variables as there are dependent 
variables. 

The following example ■will make the process clear : 

Ei, 1. Solve the simultaneous equations. 



(2) ^ + Q^+3;, = 0. 



Differentiation of (2) gives 



Tliese three equations aaffloo for tlie n 



elimination is effected by multiplying the first equation by — G, tlie second 
by 2, tlie third by 1, and adding ; tile result is 



and substituting this value of y iri (3), 

x=- ^^ + ^ cos t + ^-^^ sin ; 

By using tlie symbol D, which was employed in Ctiap. VI., the elimina- 
tion can be eSected more easily. On substituting D for y, the given 
equations become 

5x+(D + P.)y=0. 
Eliminating a: as if Z> were an algebraic multiplier, 

which is equation (4); the remainder of the work is as above. 

If y had been eliminated instead of x, the resulting equation would 
have been 

whence K = j1' cos C + B' sin ( ; 



y Google 



130 DIFFESENTIAL EQUATIONS. [Ch. XI. 

substitution of tliia value in. 

(5) -J^3a:-2y = 0, 
■which is (1) minus (2), gives 

y= ^ sin(+ ^— coat 

Substitution is made in (5), because it is easier tfl derive tlie value of y 
from it tlian from (1) or (2). 

The second lorin o£ solution comes from the first on anbstituting A' 
for - Ld±^, and B' for ^~^ . -^ , the eoefBeienta in the first valne of 
X. In general the constants are arbitrary in the value of only one of the 
dependent variables. 

Ex. 2. Solve ^ - 7 a: + y~0 ] 

dt ^ > 

Es.3. Solve ^ + 2x-Sy = t ] 
dt I 

dt > 



Ex.4. Solve4^+9^ + 44 3^ + 4fl!/ 



99. Simultaneous equations of the first order. Simultaneous 
equations of the first order and of the first degree in the 
derivatives can sometimes be solved by the following method, 
which is generally shorter than that shown in the last article. 
Equations involving only three variables will be considered; 
the method, however, is general, and can be applied to eqoar 
tions having any number of Taiiables. 
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Tlie general type of a set of simultaneous equations of the 
first order between three variables is 

Pidx + Q^dy + Uidz = 1 
P4x + Q4y + R^dz = }' ^ ' 

where the coefficients are functions of x, y, z. 
These equations can be expressed in the form 

dx _dy dz ,„, 

where P, Q, B, are functions of x, y, z; for, on taking z as the 
independent variable and solving equations (1) for — and — , 

dx^ QjR^- QsJii dy^ Ii,Pi-P,R.j 
dx PiQi-PiQi' dz P^Qi-P^Qi 

whence ^ =. ''^ ^ , 

Q,R, - Q,B, Ba\ - P^Pi PiQ-i - AQi 

which is the fonvi (2) above. 

In what follows, equations (2) will be taken as the type of 
a set of simultaneous equations of the first order. 

If one of the variables be absent from two members of (2), 
the method of procedure is obvious. For example, suppose 
that s is absent from P and Q ; then the solution of 

P~ Q 

gives a relation between x and y, which is one equation of the 
complete solution. This equation may enable us to eliminate 
xoT y from one of the other equations in (2), and then another 
integral relation may be found ; this will be the second equa^ 
tion of the solution. 

Since, by a well-known principle of algebra, the equal frac- 

tions |, *- i . 
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Idx + mdy +n dm I'dx + 'm,'dy + n'dz , 
IP+mQ + nR' I'P+m'Q + n'n' 
the system of equations 

da: d}i dz _ ldx + m dy + n dz _ I'dx + tn'dy + n'clz ,„. 
P^Q~Ii~ IP + viQ + nB ~ VP + m'Q + n'M' ^' 
are all satisfied by the same relations between x, y, z, that 
satisfy (2). 

It may be possible by a proper choice of multipliers, I, m, n, 
V, m,', n', etc., to obtain equations which are easily solved, and 
whose solutions are the solutions of (2). In particular, I, m, n, 
may be found such that 

lP+mQ + nE = 0, (4) 

and consequently 

IdX'i- mdy + jicte = 0. (5) 

If ldx-\- mdy + ndz be an exact differential, say rfe, then 

is one equation of the complete solution. 

If V, m', n', can be chosen so that VP + in'Q, + n'R = 0, aiid 
I'dx + m'dy + n'da is at the same time an exact difEerential, dv, 
then, since do is also equal to zero, 
v = h 
is the second equation of the complete solution. The two com- 
ponent solutions must be independent. 

Ex. 1. Solve the simultaneous eqiiatious — -„ = — ^ ~ — ^ ■ 

The equation formed by the last two fractions reduces to 

y ~ 2' 
wbioli has for its solution 

Using a, y, x, as mullJpliers like I, m, n, ahove, 

dx _ dy _ dz _ xdx + ydy + zdz 
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The equation formed by the last two fractions has for its solution 

K^ + i/' -f s= = be. 
The complete eolation consists ot these two independent solutions. 

Ex.2, Sohe— ^ = -^^=-^^. 
mz — ny nx,-lz ly — tnx 

By using the multipliers I, m, n, one gets the equal fraction 
tftc + mdy + wife . 

therefore l(ix-\- ni. dy + ndz = ; 

whoiioe Ix + ray + ns = ci. 

The multipliers x, y, s, used in a similar mamier, give 
x(!3; + !/(i!/ + sda = 0, 
whence s^ + ;/" + s'^ = K^. 

These two integrals form the complete integral of the aet of equations, 
Ex. 3. Sol.e ?^ = * = %. 



Ex.4, Solve ^ = ^ = l£.. 
z^ ^ nzy 




Ex.5. Solve ??^ = ^ = ^. 




Ex, e. Solve "^ ^'^^ 


eife 



e)yz (c - a)zx (a - b)xy 

100. The general expression for the integrals of simultaneous 
equations of the first order. If the first member, 

Idx -{- mdy + ndz, 
of (5) Art. 99 be an exact differential, du, then, since 



dx' by 
fore, (4) Art. 99 may be written 
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f-7j|' = 0, (1) 



dx dy dz 



Hence, if 7* = a be one of the integral equations of tlie sys- 
tem (2) Art. 99, then u = a also satisfies (1). 

Conversely, if w = a be an integral of (1), it is also an inte- 
gral of the system (2) Art. 99. For, since the denominator of 

di- dy dz 

which ia formeil by means of ^ = -^ = ^ and the multipliers 

— , — , — , is tlint. 0, the nnmeritoi ■ilso must ecLual zero. 
59! 5(/ oz 

But the numerator is the total differential of u, and hence 
M = ft ia an integral of the system (2). 

Therefore, in ordei thit n — <( may be an integral of (1), it 
ia necessary and sufhcient that w = a be an integral of the 
system (2) Art 99, and conversely. 

Moreover, any funetion whatever of the w and the v of Art. 
99 is also a solution of (1) ; for example, 

* (u, v) = <l, (€t, b) = c, or ^ (m, V) = 0, 
which is equally general, since c can be involved in the arbi- 
trary function. This can be verified directly, llunec, if 

be indejiendent integrals of the system (2) Art. 99, 

is the general expression for the integrals of these equations. 
The arbitrary functional relation may just as well be written 
in the form u =f(v). This deduction will be used in Art. 115. 

101. Geometrical meaning of simultaneous differentia! equations 
of the first order and the first degree involving three variables. 
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Equations (1) or (2) Art. 99 will determine, for each point 
(x, y, s), definite values of — and ~ ; that is, these differential 
equations determine a particular direction at each point in 
space. Therefore, if a point moves, so that at £iny moment the 
co-ordinates of its position and the direction cosines of its line 
of motion (these cosines being proportional to dx, dy, de, and 
hence to P, Q, R, by (2) Art. 99) satisfy the differential equa- 
tions, then this point must pass through each position in a 
particular direction. Suppose that a moving point P starts at 
any point and moves in the direction determined for this point 
by the differential equations to a second point at an infinitesi- 
mal distance ; thence, imder the same conditions to a third point ; 
thence to a fourth point, and so on ; then P will describe a 
curve in space, whose direction at any one of its points and the 
co-ordinates of this point wilJ satisfy the given differential 
equations. If P start from another point, not on the last 
curve, it will describe another curve ; through every point of 
space there will thus pass a definite curve, whose equation 
satisfies the given differential equations. These curves are 
the intersections of the two surfaces which are represented by 
the two equations forming the solutions ; for, these two equa- 
tions together determine the points and the ratios of dx, dy, dz, 
thereat which satisfy tlie differential equations. Moreover, 
the curves are doubly infinite in number; for they are the 
intersections of the surfaces represented by the independent 
integrals w = «, v = 6, and each of these equations contains an 
arbitrary constant which can tate an infinite number of values. 
Thus, the locus of the points that satisfy the differential 
equations of Ex. 1, Art. 99, is the curves, doubly infinite in 
number, which ai-e the intersections of the system of planes 
whose equation is 

y^as, 

with the system of spheres whose equation is 
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and the locus of the points that satisfy the equations of Ex. 2, 
Art. 99, is the curves which are the intersections of all the 
planes represented by 

Ix + my + nz = c, 

c having a,n infinite number of values, with all the spbei'es 

x-'+f + e^ = k\ 
Ic having an infinite number of values. 



102. Single differential equations that are 


integrable. 


Con- 


dition of integrabiiity. The equation 






Pdx + Qdy +ndz = () 




(1) 


has an integral u = a, 




(2) 



when there is a function u whose total differential dv. is equal 
to the first member of (1), or to that member muJtiplied by a 
factor. If (t) have an integral (2), then, since 

dx dy dz 



'^ dx 

5y 

IJ.H = --■ 
dz 

These three conditions can be reduced to one involving the 
coefficients P, Q, R, and their derivatives. On differentiating 
the first of these three equations with respect to y and z, the 
second witli respect to z and x, and the third with respect to 
X and y, there results, 
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dy "^ dy dxdy ^ dx '^ 8x 






^ds '^ds Syds dy dy 


i 




dx 6x dzdx dz dz 




whence, o 


n reariangiug, cornea 










'(f^©-«|-«£ 






^(f^f)-£-l 







On multiplying the first of the last three equations by R, the 
second by P, the thircl by Q, and adding, there is obtained, 

the relation that must exist between the coefBcients of (1) 
when it has an integral (2). 

Conversely, when relation (3) is satisfied, equation (1) has 
an integral;* and hence (3) is the necessary and sufficient 
condition that (1) be integrible It is called the condition or 
CTiteiion ot integi ability of the single differential equation (1); 
and IS easily remembered for P, Q, It, x, y, z, appear in it in a 
re^ulu cydieil Lider 

103 Method of finding the solution of the single iategrable 

equation '^ ipp se th it tl l ->i lition for the integrability of 

Pdx +Qlj + Eds = (1) 

* For proof of tliis, see Note I-I, 
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is satisfied; a method has now to be devised for finding its 
solution. Pdx can only come fi'om the terms of the integral 
that contain x, Qdy from the terms that contain y, and Udz 
from the terms that contain z. Hence the integral of (1) is 
found in the following way : 

Consider any one of the variables, say 2, as constant, that is, 
take dz = 0, and integi'ate the equation 

Fdx + Qdy = 0. (2) 

I'ut the arbitrary constant of integration that must appear 
in the integral of (2) equal to an arbitrary function of z. This 
is allowable because the arbitrary constant in the integral of 
(2) is a constant only with respect to x and y. On differen- 
tiating the integral just found, with respect to x, y, and z, and 
comparing the result with (1), it will he possible to determine 
the constant appearing in the integral of (2) as a particular 
function of z. 

Equations which are homogeneoi in », y, s, like those in 
Art. 9 in x, y, are always integrable. The initial step in solv- 
ing these equations is the aubstituti i of zu for a^, and of zv 
for y* 

Note. That an equation of the for: 

Pdx + Qdy + R'lz + Tdt + ■■■ = 0, 

involving more than three variables, may have an integral, 
condition (3) Art. 102 must hold for the coeffieients of all the 
terms taken by threes. All the conditions thus formed are, 
however, not independent, f 

Ex. 1. Solve {y + z)dx, + (s + x)iy + (k -1- yyU = 0. 
Here, the conclition of integrability is satisfied. 

• See Jolinsoii, Differential Mqitations, Art. 250. 

t See Johnson, Differential BqiuOions, Arts. 252-254 ; Porsyth, Differ- 
ential Equations, Arts. 163, 104. For a complete proof ot these proposi- 
tions, see Forsyth, Theory &/ Differential EqnoMons, Part I., pp. 4-12. 
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Suppose that s is a constant, then <is = 0, and the equation beC' 
(y + ^)ax + (s + x)dy = 0; 
and. this on integration, yields 

(y + 2)Cs + a) = ^ = ^(s). 
DiflereDtiation with respect to x, y, z, gives 

(!/ + s)dz + (a + »)da + (K + i))i3 + 2 2 d^ - ^ffe = 0. 
Comparison with the given equation sliows that 

whence ^C^) = ^^ + c'. 

Therefore, (j/ + ■S){z + j;)= s^ + c= ; 

or, reducing, ly + ys + aa; = c^ is a solution of tlie given equation. 

This example can be solved more easily by rearranging the ten 
the following way : 

Kd^ + yiii+ i(d2 + sdj; 4-adj; + sffs = 0, 
where the integral is seen at a glance to be 

It is well to try to oht^n tlie integral hy reai'ranging the ttirms, I 
having recourse to the regular metliod. 



(3^3 + ^ + 33)4 3;3 +23 



+ 3oJ;2da^+2&!(%+c(!^ = 0. 



Here there is no need to apply the condition of integrability, for the 
everal parts are obviously exact difierentials ; the integral is inimedialely 
een to be 

yJWTW^^' + ta^"^ - + oas + 6^ + ca = ft. 

Ex. 3. Solve (t| + z^3,% + % + ds = 0. 

Ex. 4, Solve eydc = zx,d.y + -^da. 

Ex. 6. SoiTe (2a5' + 2a^-|- 2ks3 + V)da,-y dy + 22(it = 0. 

Ex. 6. Solve (2)5 + ^eyi% + {%z + z^)ay + (;<*- 3^)ij2 = 0. 
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KM. Geometrical meaning of the single differential equation 
which is integrable. Suppose that the equation 

Pdx + Qdy + Bdz = (1) 

satisfies the condition of integrability, and that its solution is 

F(!,,s,-')=0. (2) 

Equation (2) represents a single infinity of surfaces, there 
being one arbitrary constant. This constant can be determined 
so that (2) will represent the surface which passes through any 
given point of space. If a point is moving upon this sui'face in 
any direction, the co-ordinates of its position and the direction 
cosines of its path at any moment, which ai-e proportional to 
dx, dy, <fe, satisfy (1), since (2) is the integral of (1). Also for 
each point {x, y, z) there will be an iniinite number of values 
of — and ^ which will satisfy (1) ; therefore, a point that is 

moving in such a way that its co-ordinates and the direction 
cosines of its path always satisfy (1) can pass through any 
point in an infinity of directions. But, when passing through 
any point, it must remain on the particular surface represented 
by the integral (2) which passes through the point; hence all 
the possible curves, infinite in number, which it can describe 
through that point must lie on that surface. 

It has been shown in Art. 101 that a point which is moving 
subject to the I'estrictions imposed by the two equations (1) 
Art. 99 can describe only one curve through any one point; 
on the other hand, a point that is moving subject to the restric- 
tion of a single integrable equation can describe an infinity of 
curves through that point; all the latter curves, however, lie 
upon the same surface. 

For example, a point passing through the point (1, 2, 3) in such 
a direction as to satisfy the equations of Ex. 1, Art, 99, must 
move along the intersection of the plane having the equation 

and the sphere whose equation is 
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3(a? + / + ^^-14z. 

A point moving so as to satisfy the equation of Ex. 1, Art. 
103, can pass through (1, 2, 3) in an infinity of directions, 
but all these possible paths lie upon the surface having the 
equation 

mj + 1JZ -'r zx= 11. 

105. The locus of Pdx + Qdy + Rdz = is orthogonal to the 
locus of — = ^ = ^- The equation 

Pdx + Qdy + Bdz = (1) 

means, geometrically, that a straight line whose direction co- 
sines are proportional to dx, dy, dz, is perpendicular to a line 
whose direction cosines are proportional to P, Q, R.* There- 
fore, a point that is moving subject to the condition expressed 
by (1) must go in a direction at right angles to a line whose 
direction cosines are proportional to P, Q, S. 
On the other hand, the equations 

dx dii dz ,„, 

rtie'ui gtometiieiUy thit i stii-ight h e wh se direction co- 
sines lie iiojoitionil to di dif dz is paiallel to a line whose 
direction eobines aie proportional %o P Q R Therefore, a 
point thu IS moving subject to the conditions expressed by 
(2) inu=!t 1,0 m a direction p^niMel to i line whose direction 
cosines are proportional to P Q iJ Thfiefoie, the curves 
traced out by points that are moving subject to the condition 
(1) aie oithogoml to the curves tiaced o it by points that 
aie moving subject to the conditions (2) The tormer curves 
•i.re 'iny of the curves upon the surfices represented by (1) ; 
therefcre the cuives represented ly (2) lie normal to the 
suiface& represented by (1) If (1) le rut integrable, there 

• C. SmiUi, Solid Geometry, Art. 24. 
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is no family of surfaces whicli is orthogonal to all the lines 
that form the locus of equations (2). 

The principle deduced in this ai'ticle will be employed in 
Art lis of the next chapter. 

106. The single differential equation which is non-integrable. 
When the condition of integrahility is not satisfied for 

Pdx + Qdy + Bdz = 0, (1) 

there is no single relation between a;, y, s, as, for example, 
/(«, y, 2) = c, that will satisfy (1). 

If, however, there be assumed some integral relation, 

<l>(x,y,z)^a, (2) 

which on differentiation gives the diHerential relation 



dx 



(;o 



two integral relations can be found which together satisfy (1) 
and (3), this being the case discussed in Art. 99. Of comse, (2) 
is one of these relations. 

Suppose that F(x, y,%)~h (4) 

is a relation which with (2) forms the complete solution of 
equations (1) and (3). In Art. 101 it was shown that the 
locus of the complete solution of (1) and (3) consists of the 
curves of intersection of (2) and (4) ; hence, geometi'ieally, this 
solution of (1) amounts to finding the curves satisfying (1) that 
lie on the surfaces represented by (2). 

Ei. The equation 

is one for which the condition of int^rabilitj is not satiBfied. Suppose 
timl the relation 

(2) vi+f!+S=i 
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In virtue oE (2), (1) may be written in the form 
(3) xdx, + ydy + zdz = 0; 
whence (4) k» + j/i + sfl = c^. 

Thus (2) with (4) gives a soiution of (1). Had a relation otiinr than 
(2) been assumed, a co-relatioii otlier than (4) would have been obtained. 
The geometric interpretation is, that tlie lines upon the ellipsoid repre- 
sented by (2) which satisfy (1), have been determined ; and have been 
found to be the intersections of the family of spheres whose eqiiation is 
(4) with tliat ellipsoid. 

EXAMPLES ON CHAPTER XI. 



M lit 



2. 4^ + 9^ + 2x + 3l!/ = e' 4. ^ + 43; + 3!/ = ( 

A% lit di, 

3^ + 7 ^ + a; + 2*!, = 3. ■^ + 2a: + 5y = e'. 

dt (!S S,t 

5. (da;=C(-2a)d( 

(dg =(te + ty + Se - ()*■ 

6. ■jM'^ + ■fS.-f - s'd?' + 2 x^ da; dy = 0. 

T. (x^-t- t^')(!M + (*J/* - a;'s - 3^)ds + (3!j^ + a'9)<fe = 0. 

8. (sf" + |(z + 2*)<te + (a^ + KS + aS)dy + (a;a + a^ + j^)da = 0. 

9. (!)2 + xsz)dx. + C«i + a:ys)di/ + (*;( + Ji/z)^s = 0. 

10. s(j/ + 2)iit + z(« - Kjfly + V{7. - w)(!3 + !/(!) + e)au = 0. 
U. (2ii; + sa^2*s)da; + 2iq/di/ + x«(is = ti«. 
12. ads + (a: - a)<Z« = {ft^ - s:^ - (k - a)'^}^ rfy. 



13. || + 4a: + y = (e3' 14. 
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16. ^ = ^ = '^^ where 



Y^a'x + b'y + c'z + d' 
at~ "' Z ^ «"« + V'y + c"^ + d". 

17. Show that the integrals o£ the system 

are (o + mi»') (a; + m,;/) + c + TOiC' = ^ie<''+'M<'-)i, 

(« + flija'} (a: + ni-iy) + c + inac' = ^se'" +"■»■!', 
where wii, 1%, are the roots of 

a'ms + (a ^ b')m -6=0; 
and obtain a similar solution for the system 

dp " dC 

(Jolinson, Diff. Eq., Ex. 16, p. 269.) 

18. rind the equation ot the path describecl by a particle subject only 
to the action of gravity, after being projected with an initial velocity u^ in 
a direction inclined at an angle * to the horizon. 

19. Determine the path of a projectile in a resisting medium such as 
air when, the retardation is c times the Telocity, given that the initial 
Telocity is «(, in a direction inclined at an angle ^ to the horizon. 

30. Find the path described by a particle acted upon by a central force, 
the force being directly proportional to the distance of the particle. 

21. The two fundamental equations of the simple analytical theory 
of the transformer are 

where ii, ia, denote the currents. Mi, E^, the resistances, ii, Li, tlie 
coefficients of self-induction of the primary and secondary currents re- 
spectively, ei the impressed primaiy electromotive force, and M the 
mutual inducluon. 
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Show that, e, ti, 4. imd t being variable, the differential equations for 
the primary and secondary currents respectively are, 

(ilia ~ jl/s) ^.^y + (L1E2 + L^Iii) ^ + JJi JSjii ^ Ihei + U^, 

(Bedell, Tlie PrinUples of the Transformer, Chap. VI.) 

22. The general equations for electromotive forces in the two circuits 
of a transformer with capacities Ci and Cs being 

Ci at at 

=■' + S,c^ + /:a^+ 3f^, 

ci (It dt 

where e, h, ia, (, are variable, show that the differential equations for the 
primary and secondary currents are 

+ /^ + ^A!^ + Jl_(, =!/■(()+ B,/"(t) + i2/'"(0- 

V Ca ci / (M cicj Ci 

+ (- + *')§ + —» = -*■'"«■ 
(Bedell, T/(« Principles of the Transformer, Cbap. XI,) 
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CHAPTER XII. 
PARTIAL DIFFERENTIAL EQUATION'S. 

107. Definitions. Partial differential equations are those 
which contain one or more partial derivatives, and must, there- 
fore, be ooneei-ned with at least two independent variables.* 

The derivation of partial differential equations will be dis- 
cussed in Arts. 108, 109 ; equations of the first order will be 
considered in Arts. 110-123; and those of the second and 
higher orders in the remaining part of the chapter. These 
equations, excepting the ones treated in Arts. 117, 13^136, 
will involve only three variables. In what follows, x aad y 
will usually be tahen as the iudependent variables, and z as 
dependent; the partial differential coefficients — , — , will be 
denoted by p and g respectively. ■' 

108. Derivation of a partial dlflerential eqaation by the elimi- 
nation of constants. Partial differential equations can be 
derived in two ways : (a) by the elimination of arbitrary con- 
stants from a relation between a;, y, z, and (6) by the elimination 
of arbitrary functions of these variables. To illustrate (a) take 
*(a,,E,,i.,«,6) = (1) 

a relation between x, y, s, the latter variable being dependent 
upon X and y. In order to eliminate the two constants a, b, 

* Equations with partial derivatives were at first studied by D' Alembcrt 
(see p, ns), and Euler (see p. 64), in connection with problems of 
physics. 
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two more eqiiationa are required. These cquat-ioiis eaii be 
obtained from (1) by differentiation with respect to a: and y ; 
they will be 

dx dz dy dz 

By means of these three equations, a and 6 can be eliminated, 
and there will appear a relation of the form 

F{«',y,^,P,9)=0, (2) 

a partial diiferential eqiiation of the first order. 

In (1) the number of constants eliminated is jnst equal to 
the number of independent variables, and an equation of the 
first order arises. If the number of constants to be eliminated 
ia greater than the number of independent variables, equations 
of the second and higher orders will, in general, be derived. 
The following examples will illustrate this. In these exam- 
ples, z is to be taken as the dependent variable. 

Ex. 1, rorm a partial differential equation by the elimination of the 
constants k and k from 

<,x-hy+(_y-k)'' + ^ = <^. 
Differentiating with respect to x and y, 

x — h + ^p = <i, 
y-k + zq = 0. 
Substituting the values otx — h,y — k from the last two equations in the 
given equation, 

Ex. 2, Eonn tlie partial differential equation corresponding to 

s = ax+by + o6. 
Ex. 3. Eliminate o and 6 from a = a(a + ]/)+ 6. 
Ex. 4. Eliminate a and 6 from ii = ax + a^ + 6. 
Ex. 5. Eliminaten and6froms = ((» + a)(i; + 6). 
Ex. 6, Form a partial differential equation by eliminating a, b, a from 
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109. Derivation of a partial diflerentlal equation by the elimina- 
tign of an arbitrary function. To illustrate (6) of Art. 108, sup- 
pose that w and v are functions of x, y, z, and that there is a 
relation between v, and v of the form 

♦ C«,p)_o, (1) 

where ^ is arbitrary. The relation may also be expressed in 
the form u = f(v), where / is arbitrary. It is now to be shown, 
that, on the elimination of the arbitraiy function ^ from (1), 
a partial differential equation will be formed ; and, moreover, 
that this equation will be linear, that is, it will be of the first 
degree in p and q. 

Differentiation of (1) with respect to each of the independent 
variables x and y gives 

du\dy 5zJ dv \5y dej 

Elimination of ~, — , from these two equations results in 
du' dv '■ 

fdu , du\ /dv , 6v\ /du , dii\ fdv , dv\ 

and this can be rearranged in the form 

Ii,+ Qq = B, (2) 

where P= - - -- - -r- -r-, 

Oil OS dz oy 

Q_Su 8v du dv 
da dx dx dz ' 
„ _du dv du dv 
8x dy dy dx 
Thus, from {!), which involves an arbitrary function >)>, a par- 
tial differential equation (2) has been oljtained, ^rhich does not 
contain <^ and is linear in jv and q. 
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When the given relation between x, y, z contains two arbi- 
trary functions, the partial differential ecLuation derived there- 
from ■will, except in particular cases, involve partial derivatives 
of an order higher than the second.* 

Ex. 1. Blimiaate the arbitrary function from z = ff^iiix — y). 

DiHerentiating with respect to i, p = e"s'^'(a; — ij). 

Differentiating with respect to y, q — ne^'fi(% — j()— e">0'(a; — y); 
and, therefore, q = ns— p, 

that is, p + g = nz, 

Ex. 3. Portii a partial differential equation by eliuiinatiug the arbi- 
trary fiuiGtiou from z = F(_x^ + y^). 

Ex.3. Eliminate the function from Ix + my + its — 4i(x'^ + y^ + z^). 

Ex.4. Eliminate the function/from s = i/ + 2/j ~ -HlogyV 

Ex. Q. Eliminate the arbitrary functions / and 4) from 
z=f(x + ay) + 'l.(x-ay). 

Partial Diffekential Equations Oe the First Orber. 

HO, The integrals of the non-linear equation: the complete 
and particular integrals. In Art. 108 it was shown how the 
partial difEerential equation 

i^(.^,y,^,P,9) = o (1) 

may be derived from 

i,(x,y,z.,a,b) = 0. (2) 

Suppose, now, that (2) has been derived from (1), by one of 
the methods hereafter ehown ; then the solution (2), which has 
as many arbitrai-y constants as there are independent variables, 
is called the complete integral of (1). 

A particular integral of (1) is obtained by giving particular 
values to a and b in (2). 

* See Edwards, Diferential Calculus, Arts. 60S-614 ; Williamson, 
Differential Calculus, Arts, S16-319; Johnson, Differential Equations, 
Arts. 269-301. 
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111. The singular integral. The locus of all the poiuts 
whose co-ordinates with the corresponding values of p and q 
satisfy (1) Art. 110, is the doubly infinite system of surfaces 
represented by (2). The system is doubly infinite, because 
there are two constants, a and b, each of which can take an 
infinite number of values. Since the envelope of all the sur- 
faces represented by <f>{x, y, s, a, 6) = is touched at each of 
its points by some one of these surfaces, the co-ordinates of 
any point on the envelope with the p and the g belonging to 
the envelope at that point must satisfy (1) ; and, therefore, 
the equation of the envelope is an integral of (1). The equa- 
tion of the envelope of the surfaces represented by (2) is 
obtained in the following way : * 
Eliminate a and h between the three equations, 
^(a;, 2/, a, a, 6)=0, 

da ' 

^ = 0' 

db ' 

and the relation thus found between x, y, % is the equation of 
the envelope. This relation is called the singular integral ; it 
differs from a particular integral in that it is not contained in 
the complete integi-al ; that is, it is not obtained from the com- 
plete integral by giving particular values to the constanls, 
(Compare Arts. 32, 33.) 

112- The general mtegral Suppose that in (2) Art. HO, out 
of the eonst-uit'f is a function of the other, say b =f(ci), ther 
this equation becomes 

■/-(=•. 3/,^ «,/(a))=o, (i; 

which represents one of tlie families of surfaces included ii 
the system lepiesented by (2). The equation of the envelopi 

•For proof see C ImiUi SoiM Geometry, Acta. 211-215; W. S 
Aldis, S/lid Geometn/ ( hap \ 
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of the family of surfaces represented by (1) will also satisfy 
(1) Art. 110, for reasons similar to those given in the ease of 
the singular integral. 

Moreover, this equation will be different from that of the 
envelope of all the surfaces, and it is not a pai'ticular integral. 
It is called the general integral ; and it is found by eliminating 
a between 

and ^=0, 

(la 

These two equations together represent a curve, namely, the 
curve of intersection of two consecutive surfaces of the system 
1^ (x, y, %, a, /(a)) = 0. The envelope of the family of surfaces, 
being the locus of the ultimate intersections of the surfaces 
belonging to the family, that is, of the intersections of consecu- 
tive sui-faces, contains this curve to which the name charac- 
teristic of tha envelope has been given. Hence the general 
integral may be defined as the locus of the characteristics. 

Other relations may appear in the process of deriving the 
singular and the general integi'aJs from the complete integral, 
but it is beyond the scope of this work to discuss such relations. 
When one has performed the operations necessary to find the 
singular and the general integrals, he should test his result by 
trying whether it satisfies the differential equation. (Compare 
Arts. 33-38.) 

In the case of every equation, the general integral and the 
singular integral, as well as the complete integral, must be 
indicated or the equation is not considered to be fully solved. 
The complete integral is to be found first, and from it the other 
two are to be derived.* It is evident that the locus of the 
singular integral wiU be the envelope of the loci of all the 
other integrals, of the general as well as of the complete. 

* The distinction between, tlie three kinds of integrals of partial dif- 
ferential equations was made by Lagrange in Memoirs of the Berlin 
Academs, 1772, 1774. 
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Kx. In Ex. 1, Art. 108, tlio difforential equation 

Ai'' + 'r* + l)=c2 (1) 

was derived from 

(x-h)^ + (_y-k)^ + z^ = c^ (2) 

The latter equation, which contains two arhitrary constants, is the 
complete integral of the former ; it represents tlie douhly infinite system 
of spheres of radius c, whose centres are in the xy plane. 

A particular Integral of (1) is obtained by giving h and ft particular 
values in (2) ; thus, 

(3;-2)s + (»;-3)* + i!2^c2 
is a particular integral. 

The singular integral o! (V) m the equation that represents the envelope 
of these spheres ; it is obtained by eliminating ft and k from (2) by means 
of the relatJons derived by difterentiatii^ (2) with respect to h and k. 

The diSerentiation gives 

a; - & = 0, 

y - ft - ; 

on substituting these values in (2), h and ft are eliminated, and there 
results the equation 

2=±C. 

This satisfies equation (I), and, therefore, is the singular integral. It 
represents the two planes that are touched hy all the spheres represented 

Suppose, now, that one of the constants is made a function of the 
other, say, that 

/c = h. 

Then the centres, since their co-ordinates have that relation, are re- 
stricted to tlie straight line y — x ia the xy plane ; and of the system of 
spheres represeutiog (2) there will be chosen a particular family, namely, 

{x~Jiy+(y^h)^ + ^'' = .i'. (3) 

The envelope of this faniEy is the tubular surface, in this case a cylin- 
der, which is generated by a sphere of radius c, when its centre moves 
along the line y — x. The equation of tliis envelope is a general integi-al ; 
it is found by eliminating h from (8) by means of the relation obtained 
toy differentiating (3) with respect to h. 

The ditterentiation gives x-h + y-h = 0, 
whence k = J(3; -I- y). 
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Substituting this value of A in (3), 

which is a general integral. 

It the relation between the constants were assumed to be 
!fi = i ah, 
the corresponding general integral woulil be the equation of the tubular 
Eiurtace generated by a sphere of radius e, whose ceatie moves along the 
parabola ^^ = 4 oa; in the xy plane. 

113. The integral of the linear equation.* In Art. 109 it was 
shown, that from an arbitrary functional relation 

*(»,")=(> (1) 

there is deiived, by the elimination of the function ^, s. linear 
partial differential equation 

Pp+Qq = Ii. (2) 

Suppose that (1) has been derived from (2) ; then <^(u, v) = 
is called the general solution of (2). Since ^ is an ai'bitrary 
ftinction, the solution (1) is more general than another solution 
of (2) that merely contains arbitrary constants. For instance, 
Ex. 2, Art. J09, shows that the general solution of 

is z^Fix'+y^ 

where F denotes an arbitrary function. The arbitrary func- 
tion F may take various forms, as, 

etc., 
which are all solutions of the differential equation, and are 
included in the general solution above. 

" The student will find it of great advantage to read C. Smith, Solid 
Geometry, Arts. 216-226 ; W. S. Aldis, Solid Geometry, Arts. 142-151, in 
connection with this and following articles. 
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114. Equation equivalent to the linear equation. Tlie type of 
a partial dilferentiaJ equation which is linear in p and q is 

J>+Q9 = fl, (I) 

P, Q, M being functions of x, y, s. 

e that u = a 



is any relation that satisfies (1); diiTerentiation with raspet't 
to X and y gives 

dy dz 



Substitution of theso values of j* and q in (1) clianges it to 

P^+Q^+iJ^' = 0. (2) 

5* oy az 

Therefore, if m = a be an integral of (1), u = a also satisfies 
(2). Conversely, if m = a be an integral of (2), it is also an 
integral of (1). This can be seen by dividing by -^ and substi- 
tuting J) and q for the values above. Therefm-e equatimi (2) 
can be totew as equivalent to equation (1). 

115. Lagrange's aolotion of the linear equation. In Art, 100 
it was shown that 

is a general iutegi-al of (2) Art. 114 when u = a, v = b are 
independent integrals of the system of etiuations 

I'~ Q~ n 
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Hence the following rule may be given ; 
To obtain an integral of the linear equation of the form 
Pp +qq = R, 
find two ijidependuiit integrals of 

P~ Q~ R' ^^ 

let them be w = a and v = I>; 
then <ji{u,v)=0, 

where <j> is an arbitrary function, is an integral of the partial 
differential equation. 

Instead of -^(m, v) = 0, there can. with equal generality be 
written u=f{v), where / denotes an arbitrary function. 

This is known as Lagrange's solution of the linear equa- 
tion;* the auxiliary equations (3) are called Lagrange's 
equations; and the curves of intersection of the siufacea rep- 
resented by the integrals of (3) are called Lagrangean lines. 

116. Verification at Lagrange's Bolation. The truth of 
Lagrange's solution may also be shown in the following way. 
Form the differential equations corresponding to w = a and 
v = b,hy eliminating the arbitrary constants a and 6 ; this gives 

dx % ae 

T- ((a! + -7- dy + — (1-4 = 0, 
6x oy dx 

* Josepl Louis Lagrange (17*56-1813) was one o£ the greatest inathe- 
mat c ana th-vt the world has ever seen. He wrote much on differential 
equations and the theory of the linear partial equation was first given by 
h n He i scussed the ease of three variables and gave tlie solution in a 
me or n tl e Berlin Academy of Sciences in 1772 ; lie treated singular 
solnt ons a memoir of 1774 ; and in memoirs of 1779 and 1786 he gave 
a general sed method applicable to eqiiaUons having any number of varia- 
bles. See footnote, page iO. 
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dx dy dz 




whence 


dudv dudv dudv dtidv dudv Sudv 





But, in Art. 109, it was found that the equation derived from 
^ {m, w) = by eliminating is 

/du dv dit dv\ , fBii dv 5u Sv\ _dudv _ Su dv 
\dy dz dz dy) \&z dx dx dzj dx by dy dx 

Comparison shows that these equations have the forms 

dx_dy__ds 

and I^)+ Qq = li, respectively. 

Ex. 1. Solve xz2> + yzq = xy. 
Dividing by xyz, - + - — -; 

forming the auxiliary equations, 

ydx = xd!) = edz. 
Integrating the equation lorraed liy tliu first two terms, 

Also ^(te + »d»/ = 22^3 ; whence k^ — Ky = c. 

Therefore, the solution is s'-a:a = (f[-'j, ai fiz'^ -xy, ?^)=0. 

Ex. 3. Solve p-\- q = -- 

Ex. 3. Solve (ms - ny)X' +(nK - lz)q = ly-mx. 

Ex, 4. Solve %^p + '/q = a*. 

Ex. 6. Solve ?^ + xzq = ^. 

117. The linear equation involving more than two independen 
Tariables. If there he n functions Ui, it^, ■■-, w„, of m + 1 varia 
bles z, Xi, x.^, ■", x„, z being dependent and the other variable 
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independent, then the arbita'ary function </t can be eliminated 
from 

^(«.,%.-,'g = o (1) 

by an extension of the method nsed in Art. 109. The result 
will be a linear partial differential ecLuation of the form 



Moreover, on forming the differential equations correspond- 
ing to u, = Ci, %= Cj, ■■■, it„ = c„, by eliminating the constants 
c„cs, ■■-, c„, and proceeding as in Art. 116, there will be obtained 

dx, _ d'j!^ _ _ dx„ _ d^ ,o\ 

Hence the following rule may be given : 

III order to deduce the general integral of the partial differ- 
ential ec[Uiition (2), write down the auxiliary equationB (3), and 
find n independent integrals of tliis system of equations ; let 
these integrals be 



where ^ denotes an arbitrary function is the integral of the 
given equation. 

Suppose that w = c is an integral of (2) ; then 



equation (2) can take the equivalent form 
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The auxiliary equations a' 



whence, dt + dx + dy + d^ ^dt - d3> ^ _ 

Zit-i-x+y + z) x-t 

£rom this, log (( + * + y + e)^ = log -^5- ; 

hence, {x — t}(t + x + y + xp = Ci ; 

similaily, (y -t){t+ x + y + a)^ = Cj, 

and (^-f)<t + x + y + z)i = Cs. 

Hence the solution is 

,j,{(x~t)u, (,y-t)n, (,-i)u) = 0, 
where 'ii=(t + x + y + z)'s. 

Ex. S. Solve s; ^^ + y ^- + s ^ = xyz, 
dx dv d^ 

118. Geometrical meaning of the linear partial diflerential 

equation. In Art. 105 it was sliowii that the curves whose 
equations are integrals of 

dx_dy^dz 

are at right angles to the system of: surfaces whose equation 
satisfies 

Pdx + Qdy + Bd% = 0. (2) 

Suppose that tt. = a,, v = h 

are any pair of independent integrals of (1). Let a take a pai-- 
ticular value, say a,. The surface represented by « = a^ is 

ntersected by the system of enrfaces whose equation is w = b, 
I infinite number of curves, a curve for each one of the 

.nflnite number of values that h can have. Thus m = ttj repre- 



(1) 



y Google 



§ 118, im.] SPECIAL METflODS OF SOLUTION. 159 

sents a locus which passes through, or upon which lie, curves 
infinite in number, that are orthogonal to the surfaces repre- 
sented by (2). Therefore, since the general integral of 

Pp+Qq = E (3) 

is an arbitrary function of integrals of equations (1), auy 
integral of (3) passes through a system of lines that are 
orthogonal to the surfaces forming the locus of (2) ; and. hence 
the surfaces represented by (3) are orthogony,l to the surfaces 
represented by (2). 

* 119. Special methods of solution applicable to certain standard 
forms. There are a few standard forms to which many equa- 
tions are reducible, and which can be integrated by methods 
that are sometimes shorter than the general method which will 
be shown in Art. 123. These forms will now be discussed. 

Standard I. To tliis standard belong equations that involve 
p and q only ; they have the form 

F{p,q) = (}. (1) 

A solution of this is evidently 

z = ax + by + a, 

if a and b be such tliat F(a, ^) = 0; that is, solving tlie last 
equation for h, if h ~f{a). The complete integral then is 

z = (m + yf(a) + c. (2) 

The general integiu! is obtained by putting c = ^(a), where 
denotes an arbitrary function, and eliminating a between 

z = 01 + !,/(<.) + .),(o), 
and = » + !,/'(a) + *'(o). 
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The singular integral is obtained, by eliminating a and c be- 
tween the complete integral (2) and the equations formed by 
differentiating (2) ■with respect to a and c ; that is, between 

z = ax + yf(a) + c, 
= ^ + 2// (a). 
0-1; 
the laat equation shows that there is no singular integral. 
Ex. 1. Solve (1) y2 4.^ = ^2, 
The solution is z-ax + by + C, it n^ + &2 = mK 
Therefore, the complete solutioa is 

(9) 2 = (ii+ Vm^-a^y+e. 
To find the general integral, put c =f{a); 
then z = ax+ Vm^ - a'y +f{ay, 

differentiate with respect to a, 

0^x-~-=^==y+r(ri) 

and eliminate a by means of these tuo e luitinn? 

A developable surface is the envel pp of a plane whose equation con- 
tains only one variable parameter* Therefore the general integral in 
this caae represents a developable suriice In particular, if c or f(a) be 
chosen equal to aero, then the result obtained by elinnnatina; a is 
(3) ^ = m'^(sfi + y'^-) 
The complete integral (2) represents a doubly inhuite sj '-tern of planes ; 
the particular integral obtained by putting c equal to zero represents a 
singly infinite system of planes passing through the origin ; and the gen- 
eral integral (3) represents the cone which is the envelope of the latter 
system of planes. 

Ex. a. Solve (1) x'Y + 'J'i^ = ^'^■ 

This may be written f?3?\Vf!^y= 1. Put^ = dX, ^ = dY, 
X^dxl \zQyl X y 

— = dZ; whence X=logLb, F = log?(, Z = log«i the equation then 
* See C. Smith, Solid Geometry, Art. 32J. 
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which comes ander Standard I, 

I'rom the preceding example the complete integral is 
Z = aX+ Vl - a- Y + log c i 
hence, b = ca?^'''^, which is the complete integral of (1). The singula!- 
integral is a = ; the general integral is to he found iu tlie usual way. 

Ex.3. Solve3pS-2 9« = 4j)g. 

Ex. 4. Solve g = e"«, 

Ex. 6. Solve pq = k. 

120. Standard II. To this staiidajd belong equations 
analogous to Clairaut's; tiiey liave the form 

e=px + qy+f(j}, q). (1) 

That the solution is 

^ = ax-i-bij+f{a,b) (2) 

can easily be verified. This is the complete integral, since 
it contains two arbitrary constants. It represents a doubly 
infinite system of planes. 

In order to obtain the geneva) integral, put b = </>(«), where 
1^ denotes an arbitrary function ; then 

differentiate this with respect to a, 

and eliminate a between these equations. 

In order to obtain the singular integral, differentiate 
z^CLX + by+f(a,b) 
with respect to a and b, thereby getting the equations 

and eliminate a and h between these three equations. 



y Google 



162 DIFFEBENTIAL EQUATIONS. [Ch. XII, 

Ex. 1. Solve z =px + qij + pq. 
The complete integral is 

z = ax + bi/ + ab. 

In order to fiRd the singular integral, differentiate with respect to « 
and b ; this gives 

O-x + b, 

= y -ba; 
elimination of a and b by means of these equations givos z = —xy. 
The general integral is the a eliminaat of 

where / denotes aJi arhitrary function. 
Ex. 2. Solve z =p7, + gy — 2-\/pq. 

121. Standard III, To this standard belong equations that 
do not contain x av y\ they have the form 

F{z,p,<,)=0. (1) 

Put X for X + ay, whore a is an arbitrary constant, ant! 
assume 

for a trial solution ; then 

^~dX'ex~dX' '^dX' 5y~ dX 
Substitution in (1) gives 

I, ' dX' dXj ' ^ ' 

which is an ordinary differential equation of the first order. 
The solution of (2) gives an expression of the form 

tiX ^^ ' " 

whence, — -, = ((X: 

•(.(2, o) 

integrating, / (g, n) =. X + 6, 
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ajid hence, x -{- ay -{- b ~ J'(z, a) 

is the complete integral. 

The general and the singular integrals are to be found as 
before. 

This method of solving equations of Standard III. can be 
formulated in the following rule : 

Substitute ap for q, and change p to ■— , X being equal to 

x-^ay\ tlien solve the resulting ordinary differential equation 
between z and X.. 

Ex.1. Solve (1) 2S(p2 + g* + l)=c». 

On putting op lor g,cliangingji to -j^, and separating tlie variables, (1) 
becomes 

v^np-i ^^^ ^ ax. 

Integrating, - Va^ + i Vc^ — 3= = X + 6 ; 

squaring, and substituting tor Xita value % + ny, 

(2) ia^ + l-)i(?-^) = {:^-\-ay + by. 

This is tlie complete integral o£ (1), since it contains two independent 
arbitrary constants a and 6. 

Difierentiate (2) with respect to a and b, and eliminate a and 6 ; there 
results 

which satisfies (1), and is thus the singular solution. 

In order to find a general integral, substitute for b some function of n, 
and eliminate a from the equation. 
In particular, on pntUng 

h =— ak — h, 
(2) becomes 

(3J (0= + l)(c^ -ifi) = {^,-h + a(,y~ k)f. (3) 

Difterentiation with respect to a gives the eqnatjon 

3 a(s? - z^) = 2{y - lc){x ~h + a(y - k)), 
which in viitvie of (S) can be put In the form 

(4) {x-h + a(y-k)}{a(cc-h)-(>/-k)} = 0. (4) 
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Ott oUiQinating a from (3) by mi 
of (4), there appears tlie equation 



and on eliminating a by means of the second component equation, there 
(« - h)^ + (_y-k)^ + ^ = A (5) 

Tlie general integral is thufl made up of tlie last two equations, whieli 
represent two parallel planes and a sphere. The planes and sphere form 
the envelope of the cylinders represented by (li). Equation (6) may also 
be regarded as a complete integral, if h and k be taken as arbitrary con- 
sUnts. (See Ex. 1, Art. 108 and Art. 112.) 



Ex. 3. Solve q^y'^ = e(z-px). 




This may be written 




andpntting.-!rfor!^, dXfor'^, (whence r = 


■ log;/ and X: 


the latter equation becomes 




l^) "Y~dx)' 





which belongs to Standard III. 
Ex. 3. Solve 9(p^a + 9^)=*. 
Ex. 4. Soivej:)(l + 9^) = 5(a-a). 
Ex. 6. Solve p3 — 1 + i^K 

122. Standard IV. To this standard belong eciiiatioiis tliat 
have tho form 

/,(>■,?) =/.&?)■ (1) 

In some partial differential eqiiations in which the variable 
« does not appear, it happens that the terms containing p and 
X can be separated from those containing q and y ; the equation 
then has the form (1). 

Put each of these equal expressions equal to an arbitrary 
constant a, thus, 
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and solve these equations for_p and q, tlius obtaining 
p^F,{^,a), q = F,Q/,a). 
Integration of the last two equatioos gives 

z = I Fi(x, a)dx + a quantity independent of x, 
Euid z — I ^2(5, a^dy + a quantity independent of y. 

These are included in, or are equivalent to 
z=fF,{x,a)+j'F,(:!!,a) + b, 

where b is an arbitvaiy constant. 

This is the complete integral, since it contains two arbitrary 
constants; the general integral and the singular iiitegi'al, if 
existing, are to be found as before. 

Ex. 1. Solve q~p+x — y = 0. 

Separating q and y from p and x, 

q — y =ip — X. 

liBnce p = z + a and q = y -V a; and therefore the complete integral is 

There is no singular integral; the general integral is given hj the 
elimhiatitin of a hetween 

aM = 2(i. + «)+ 2(,j + a) +/'(«), 

/ being an arbitrary function. 

Ex.3. Solve^-32=?^li'. 

Hence ?p2 — ~zq2_y_ put d2for s^ds. 

Ex. 3. Solve g = 2 sfp2. 

Ex. 4. Solve v5 + Vg = 2 a. 

Bx. 6. Solve p^ + i^ = x + y. 

Ex. 6. Solve 2«(ji3 + g2) = # + j3. 
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123. General method of solution.* It will be remembered 
that, in order to solve some of the ordiuai-y differential equar 
tions of the first order in Arts. 24-29, another differential 
relation was deduced; aod by means of the two differential 
relations, that were thus at command, the derivative was 
eliminated and a solution obtained. The general method of 
solving partial equations of the first order will be found to 
present some points of analogy to the method employed in the 
articles referred to. 
Take the partial differential equation 

Fix,y,z,p,q)=0. (1) 

Since z depends upon x and y, it follows that 

ds=pdx + qdy. (2) 

Now if another relation can bo found between x, y, z, p, q, 
such as 

f{x,y,s,p,q) = % (3) 

then p and q can be eliminated; for the values of p and q 
deduced from (1) and (3) can be substituted in (2). The 
integral of the ordinary differential equation thus formed in- 
volving X, y, z, will satisfy the given equation (1) ; for the 
values of p and q that will be derived from it are the same 
as the values of p and q in (1), 

A method of finding the needed relation (3) must now be 
devised. Assume (3) for the unknown relation between at, y, s, 
p, q, which, in connection with (1), will determine values of p 
and q that will render (2) integrable. On differentiating (1) and 
(3) with respect to x and y, the following equations appear : 

* This method, commonly known aa Charpit's method, in wliich the 
non-linear partial equation is connected with a system of linear ordinary 
equations, is due partly to Lagrange, but was perfected by Charpit. It 
was first fully aet fortli in a memoir presented hy Charpit to the Paris 
Academy of Sciences, June 30, 1784. The author died yomig, and the 
memoir was never published, 
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Z dp dx dq dx 



dp 6x dq dx 



_^_|_"- ^ = 0, 



p dn dq dy ' 



F^ 



The elimination of -i between the first pair of these euua- 
^. . dx f 1 

tions gives 

/dF a/ dF Sf\ fdF df dF df\ 5g fdF df dF df\_ 



'zj'*'dx\dq S 



and the elimination of -i between the seeond pair gives 

\dy dq dq dy) \dz dq dq SsJ di)\dp dq dq dp) 

On adding the first members of these two equations, the last 
bracketed terms cancel each other, since 











3% 


5j,. 


once, 


addi- 


Dg and 


re-arranging, 





\dx ^ dzjdp \dy ^ dzjdq \ ^ dp ' dqjdz 



K-¥)£+'-^'-'"- '*' 



dqjdy 

This is a linear equation of the first order, which the auxil- 
ia,ry function / of equation (3) must satisfy. This form has 
been considered in Art. 1.17, and its integrals ate the integrals 
of 
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dF 
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Sp 
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•If 









(S) 

Any of tlie integrals of (5) satisfy (4) ; if sncli a,ii integral 
involve p or q, it can be taken for the required second relation 
(3). Of course, the simpler the integi-a! involving p or q, or 
both p and q that is derived from (5), the easier will be the 
subsequent labor in finding the solution of (1). 

This method is applicable to all partial differential equations 
of the first order ; but it is often better to enquire whether the 
equation to be solved is reducible to one of the standard forms 
discussed in Arts. 119-122. The reduction and the subsequent 
integration by one of the special methods is generally, but not 
always, less laborious than the integration by the gerreral 
loethod. By applying the general method to the linear equa- 
tion and the standard forms, the integrals obtained in the pre- 
ceding sections are easily obtained.* 

Ex. 1. Solve 

(1) p(^ + -i) + (_b-z)q=<3. 
Here equations (6) Art. 123 reduce to 

(21 ^P ^ '^ — ^^ — ^"^ — # 

M 5^ 3p9= + p+(6-2)3 3^ + 1 - ^ + 6 + 2^" 
The third fraction, by virtue of the given equation, reduces to . 

From the firat two fractions, there conies, on int^gratioii, 
q = ap, 
where a is an arhitrary constant. 

This and the original equation determine tlie values of p and 5 ; namely, 



^ V„^^-6)-l ^ ^^^______^ 



*See Foi-sytli, Differential Equations, Arts. 203-207 ; Jolinaon, Differ- 
ential Equations, Arts. 288-298, 
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SubsUtiitJun of llieso values in 

d^ =pdx+ qdy 
gives az = ( — + dy'\ Va(2 - 6) - 1, 

where the ifariables are separable ; tliis oil integration gives 
2Vn(3- 6)-- 1 -x+ay-i h 
There is no singular solution ; the general solutiun is nbtained in the 
usual way. 

This equation comes wnder Standard III., and tlip i-atio3 chosen from 
(2) give the relation q = ap, which is used in the siieciai method Had 
there been clioaen the equation formed by another piir ot ratios from 
(2), say from 

another complete integiul would have been obtained ; namely, 

Es. 3. Solve z =pq by tlie general method. 

Ex. S. Solve (p2 + 92)j/=gz. 

Ek. 4. Solve the linear equation and the standaivi fnrins by the general 
method. 

Partial Uiffehbntial Equattoxs of the Second 
ASD HiGiiEit Orders. 

124. Partial equations of the second order. In this and tlie 
following articles,* a few of the simplest forms of partial dif- 
ferential equations of the second order will be briefly consid- 
ered; hardly more will be done, however, than to indicate the 
methods of obtaining their solutions. Some of these equations 
are of the highest importance in physical investigations. 

In what follows, z being the dependent variable, and x and y 
the independent, r, s, t will denote the second deriTatives : 

* In connection with these articles read the introductory chapter of 
W. E. Byerly, Fo^irler'& Series and Spherical Harmonies. 
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ilx^' dx dy dif 

There will be discussed linear equationa only; that is, equar 
tiOQS of the first degree in r, s, t, which are thus of the form 

Mr + Ss+Tt=V, 
where R, S, T, F'are fnuctions of x, y, s, p, q. The complete 
solutions of these equations will contain two arbitrary func- 
tions.* In Ai-t. 125 will be given some examples of equations 
that are readily integtable, the special method of solution 
necessary being easily seen; and in Art. 126 will be given 
a general method of solution, 

125. Examples readily solvable, It is to bo remembered that 
X and y, being indepeuLlent, are constant with regard to each 
other in integi'ation and differentiation. 



Writing it ^ = * + a, 

% y 

integration with regard to y gives 

it with regard to y being possibly a Eunction of x. 
ing tlie last equation with regard to x gives 

z = ({x log y + ay + !l>, (x)](lx, 

= |-log!) + axy + ^(x) + f (i/), 

Ml regard to x being possibly a function of y. 



Ex. a. Solve J^ + ^/(a;)= Fly). 
dx 5y d» 
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Tills equation is liuear lap, and k is constant with regard to y ; lieace 
integiation gives 

and integration of tliis witli regard to x gives 

Ex. 3. ur = 3^^;, 
Ex.4. xr = (n~l)p. 

126. General metJiod of solving Rr + 5'.sr + Tt = F. On writ- 
ing the total diti'erentials of p and q, 

dp = rdx + sdy, 
dq = sdx + tdy, 

the elimination of r and t by means of these from the given 
equation, 

Br + Ss + n= V, (1) 

gives (Rdpdy+Tdqdx~Vdxdy)-s{Rdf-Sdxdy+Td3?)=0. 

If any relation between x, y, z, p, q will make each of the 
bracketed expressions vanish, this relation will Batisfy (1). 

Trom Bdf - Sdicdy + Td^^ - 1 

Rdpdy-fr Tdqdx- Vdxdy = 0j* ^ ^ 

and dz = pdx + q dy, 

it may be possible to derive either one or two relations between 
^1 y> ^1 P) 9 called intermediary integrals, and therefrom to 
deduce the general solution of (1). For an investigation of 
the conditions under which this equation admits an interme- 
diary integi'al, and for the deduction of the way of finding the 

« These are called Monge's equations, after GaBpardMonge (1746-1818), 
the inventor of descriptive geometry, who ti'ied to integrate equations of 
the form Br + Ss + Tt = 0, in 1784, and succeeded in some simple cases. 
The method of this article is also called by his name. 
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general integral see Forsyth, IHfferential Equations, Arts. 228- 
239. The statement of the method of solution derived from 
this investigation ia contained in the following rule : 
roi-m first the equation 

Bd'f - Sdxdy + T'h? = 0, (3) 

and resolve it, supposing the first member not a complete 
square, into the two equations 

dy — ntjCla: = 0, dy ~ m^x = 0. (4) 

From the first of these, and from the equation 

lidpdy + Tdqdx — Vdxdy, (5) 

combined if necessary with dz^^pdx + qdy, obtain two inte- 
grals % = a, Vi = b; then 

•■=/.{«■), 

where /i is an arbitrary function, is an intermediary integral. 

Prom the second of the equations (4), in the same way, 
obtain another pair of integrals, Wj = a, Vs—b; then 

is another intermediary integral, /g being arbitrary 

To deduce the final integral, either of these intermediaiy 
integrals may be integrated; and this must be done when 
flii — mj- Wlen nii and nij are unequal, the two intennediate 
integrals are solved for j) and q, and their values substituted in 

dz = pdx -\-q dy, 
which, when integrated, gives the complete integral. 

Bi. 1. So]ve r — aH = 0. (This equation is solved by anollier metiiod 
in Art, 128.) 

Here the suLaidiavy eq^uationa (1) and (5) ate 

(1) dy + adx = 0, dy~a<lx = 0, 

(2) dp dy - a''dx dq = 0. 
Hence a H- ax ■= ci, y - aj: = ca- 
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Combining the first of equations (1) witli (2), 

dp 4- adq = 0, wheueep + q? = c'i = Fi_(y + ax); 
combining the second o£ (1) with (2), 

dp — adq = 0, -wheuce p — aq = o'l = J-'aCa — ax). 
From the last two integrals 

P = i[Fi{y + ax) + F2{y~ax)-\, 
and q = ^i^i(.V + <"*)- T^K!* - <!*)]■ 

Substitution of these values of p and q in ds = p dz + qdy, gives 



dz=^~[Fi{y + ax){dy + adx) - ft(!; - ax){dy - adx)], 
which is exact. Integration gives 

z = <p(.y + ax)+-l'(y~ax). 

The equation in tliia example, ^—- — a^ 5— = 0, is a yeiy important one 
in mathematical pIiyBica. It is called the equation of vibrating cords, 
sometimes D'Alemberl's equation, from the name of the geometer who 
first integrated it in 1747.* It appears in considering the vibrations of a 
stretched elastic string, t being the time, y being measured along the 
string, and u being the small transversal displacement of any point. 
This equation also gives the law of small oscUlations in a thin tube of air, 
for instance, in an organ-pipe. Hie functions and ^ that appear in the 
general solution are to he determined from the given initial conditions. 

Ex. 3. ps - qi- = 0. Ex. 3. x"-)- + 2xys + yH = 0. 

127. The general linear partial equation of an order higher 
than the first. A partial difforentia,! equation, which is linear 
■with respect to the dependent variable and its derivatives, is 
of the form 

* Jean-le-Rond D'Alembert (1717-1783), who first announced in 1743 
the principle in dynamioa that bears his name, was one oE the pioneers 
in the study of differential equations. 
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where the eoefEieie.nts are eonstiints oc functions of x and y. 

On putting D for — and D' for — , this may be written 
dx 8y 

{AnD" + Aiir-^D' + ■ ■ ■ + A J)'" + ■ - - + MD + ND' + P) s 

=f{^,y), (2) 

or briefly, F{D, D')z=f{x,y). (3) 

As in the case of linear eqnationa between two vai'iables 
(see Ai-t. 49), the complete solution consists of two parts, the 
complementary function and the jjaiticular integral, the comple- 
mentary function being the solution of 

F(D, U')2 = 0. (4) 

Also,if3=3,, s z^Ej, ■-., s r= s^ be solutions of (4), 



Other analogies between linear partial and linear ordinary 
equations, especially in methods of solving, will be observed 
in the following articles. 

128. The homogeneous equation with constant coefficients ; the 
complementary function. All tire derivatives appearing in this 
equation are of the same order, and it is of the form 

{A„rr + A,D--W+-+A..D<^)z=f(x,y). (1) 

If it be assumed that z = ^(j/ + mx), differentiation will 
show that 

De - mi>' (y + mx), ITz = m"^'"' (jj + mar), D'"% = <(.'"> (i/ + mx), 
and, in general, that 

D'D"z = m'<t>'-'^"(:y + mx). 

Therefore, the substitution oi ^(^ + mx) for z in the first mem- 
ber of (1) gives {Ain'' + Ain"-' + ■■■ + A„) -P^"' 0/ + mx). This 
is zero, and consequently, </>(^ + mx) is a part of the comple- 
mentary function if m is a root of 
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Am"+Am"-'+-+A=0, (2) 

which may he called the auxiliai-y equation. 

Suppose that the n roots of (2) are «ti, m^, ■■-, m„ then the 
complementary function of (1) is 

2 = *iO/ + miX) + ,i>,(y + m,x) + - + <l>Ay + m,x), 

where the functions <jt are arhitrary. The factors of the co- 
efficient of z in (1) corresponding to these coots are D — i7i,D', 
D — m^', —, D — rH^D'; and tliese are easily shown to be 
commutative. (Compare Arts. 50, 54.) 

Since e"^-^ (y) = (1. + mxD' + ''^D" + ••■)4> (jj), 



the pai't of the C.T'. corresponding to a root «i of (2) may be 
written e"™""!^ (y). 

Es. 1. -^-a«^ = 0. (SeeEs. l,Art. 126.) 

d^ at 
He™ (2) is m^ — o* = 0, whence m has the values H- n, — a. Heuce 
the solution isz = ^(y + a»)-|-f (j/ — ax). 



129. Solution when the auxiliary equation has repeated or 
imaginary toots. As in the case of equations between two 
variables (see Arts. 61, 52), further investigation is required 
when the roots of (2) Ait. 128 are multiple or imaginary. 

The equation corresponding to two repeated roots vt is 

(D - mD')(D - ml>') k - 0. 
On putting v for {D — mD')z, this becomes (D — •mD'')v = 0, of 
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which the sohition is v = ^(y + tnx). Hence 

(Z> — ml)') s = </) (j/ + wis;). 
The Lagraiigean equations of this linear equation of the first 



order are 

dx 



The integrals of these equations are y-i-mx = a, e~x<(>{a) + b; 
andUence, , = ,*(j + ma,-) +,f (j + m4 

By proceeding in this way it can he shown that when a root 
m is repeated r times, the corresponding part of- the comple- 
mentavy function is 

"When the roots of (2) Art. 128 are imaginary, the corre- 
sponding part of the sohition can he made to take a real form.* 

Ex ^ — 3^ 9£ J- 3^ 9^_§^=: 
dx^ ' dx^ dy ' dx e^ 5y^ 

130. The particular integral. Equation (1) Art, 128 being 
expressed by F(D, D')z — <j> (x, y), the particidar integral will 
be denoted by —l—^{x, y), ^^ V being defined as 
that function which gives V when it is operated upon by 
F{D, D"). (Compare Art, 57.) 

By Art. 128, 

^ - ^ jM^>y)-0-) 

It is easily shown that it follows from the definition of 
V that these factors are commutative. The value 



F{D, D') 

of — j^^(^i y) ^vill now be indicated. For this pin-pose, 

« See Johnson, Differential Equations^ Arl. 319 ; Merriman and Wood- 
ward, Higher Mathemattes, Chap. VII., Art, 25. 
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it is first necessary to evaluate (D — mD') •)> {x, y). From the 
latter part of A.rt. 128 it follows that 

e-"™"'.^ {X, y) = ^{x,y- mx) ; 

therefore, De~""'''<ti {x, y) = D<i> {x, y — mx). 

Direct differentiation shows that 

De-">-4.{x, y) = e-"^\D - mD')<f> (x, y). 

From equating the second members of the last two equa- 
tions, and operating upon these members with e'^°', it follows 
that 

(D - mD')^ ix, y) = &'""'D4> {x. y - mx). 

That a similar formula 

holds true for the inverse operator is easily verified. For, 
the application of D—inD' to both sides of (2) gives 

,/. (x, y) = (D- mny"'-^^4> (x, y - 90^), 

on putting t/> (a;, y) for — <^(ic, y~'nix)\ and, therefore, by 
Art. 128, ^ 

i,(x,y)==iD-mD'),l,{x,y + mx). 

But the second member of the last equation is also the result 
that would be obtained by putting y + mx for y in Dij/{x, y) 
after the differentiation had been performed ; and this would 
be <ji{x, y) from the definition of if given above. Hence 

A(x, y) can be evaluated by the following rule, which 

D — mD' 

is the verbal expression of (2) ; form the function <l>ix,y — mx), 
integrate this with respect to x, and in the integral obtained, 
e y into y -\- mx. 
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Tlie value of the second member of (1) is obtained by 
applying the operations indicated by the factors, in succession, 
beginning at the right. Methods shorter than this general 
method can be employed in certain eases, which are referred 
to and exemplified in Art. 132. Ex. 2 also sbows such a case, 

Ex. 1. Find the particular integral of Ex. 2, Art. 128. 
The particular integral 



D^ + iDD' +2D"^^ D + ID' D + D' 

Ex. a. Evaluate = A(ax + bu). In this ca.se a short method 

F(D, O') ^ ^ 

can be used in finding the integral. 

Since F(D, D')= D"f(~\ and — 0(m + 6y) = -,and couKeqiiently 
f( —'\'p(ax + by^ = F('\, it follows that 



ij^j-j-...J-,(ax + »,)(*).. 



th.lnl.e.,Jl.--^. ;_ ]•]•.■■/»(.. 4- !.)(.!.)- ^ .1.. 1: 

expression can be evaluated by the general rule. 

Ex. 3. Find tlie particular integral of ^-a=^=: a?. 
Ex. 4. I'ind the particular integral of Ex. 3, Art. 128. 
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131. The non-homogeneous equation with constant coefficients; 
the complementary function. In oi-dei- to iiiid the coioplemeut-- 
ary function of (3) Art. 127, that is, the solution of 

F{D,I)')x = 0, (1) 

first assume z = cc*^*'*'. (This procedure is like that of Art. 
50.) The Bubatitntion of this value of » in F{D,D')z gives 
cF{h, /c)e"+*». This is zero if 

F{h,h) = 0; (2) 

and. then z = c^+'^ is a part of the complementary function. 
The solution of (2) for fc will give values/i(A),/i(/i), -JM), if D' 
is of degree )■ in (1). The pai-t of the solution of (1) corre- 
sponding to fc=/i(/i) is %Ci^*V">, 3 indicating the infinite 
series obtained by giving c and h all possible arbitrary values ; 
hence the general solution corresponding to all the values of k is 

This solution can be put in a simpler form when f{K) is 
linear in h, that is, when 7c = ct/t -|- b. In particular this is true 
of the homogeneous equation, which is, of course, a special 
case of (1). Exs. 2, 3 illustrate these remarks. Equally well 
may (2) be solved for It in terms of k, and another form of the 
solution will be obtained, as in Exs. 1, 2. 

Ex. I. 9!£-3!£ = o, 

Here (2) is h' — k^ = 0, whence k = ft*, and thus the solution la 
a = 2ce*^+*'i', where c and A are arbitrary. Particular integrals are 
obtained by giving h particular values ; for example, the values 1, 5, | 
for ft give ihe particular solutions z = e*+i', 3 — ^"+^'11, a — ei'+^^i. 

If equation (2) be solved for ft, the particular integral la Sce*»+' '. 

53: Sy 

Here (2) ia 2 ft^ _ ftj _ ^ + ft + 3 i = 0, where the values of k are 
— 2 ft, ft + 3 ; hence 



y Google 



180 BIFFERENIIAL EQUATIONS. [Cii, XII. 

Since each of these series conaista of terms having arbitrary coefficients 
and exponents, it can be represented by an arbitrary function. Conse- 
quently the soiution can be represented by 

The equation above migiit have been solved for h, tliB values being 
-^, ft-3. Hence, 

is another way in which the solution may be written. 

Ex. 3. Solve Es. 1, Art, 128 by tliis method. Here the values of h are 
Ojfc, — ah, and hence 

s = Sc,e'('+<"> -I- SCae*'!'-'"' = *>()/ H- ax) + f^y - ax). 

Ex. 4. Find the complementary luuction of 

63? df dx By 
Es. fl. Find the complementary function of 

S^ — 9%__|_^_^^cos(a; + 2y>+«». 
d:^ 3xdy es 

Ei. 6. Find the complementary function of 

= ^-»~x% 

132. The particular integral. The particular integral caii be 
obtained in certain cases by methods analogous to those sliown 
in Arts. 60-64. It is easily shown, by the method adopted 

in Arts. 60-62, that ^ 

'\U, W) 

sin(<,..,+%)= — __4— -— sin(a^+&2,), 



F{D\DD', If) 

and similarly for the cosine; and that ■-■■icycan be 



i by operating upon «fif with [P(A -D')] ■ 
in ascending powers of P and X*'.* 

* For a full discussion, see Johnson, Differential Equations., Arts, 328- 
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Ex. 1. ^ -Sl§l - 2^^ + 2^-^ 2 !^ = (fi'+3« + ma(2x-\- y)+ xy. 
8x^ d^dy %= dx dy ^ TSJ-r » 

The complementary function, found by Art. 131, is 

»»-«)+< "¥(2 >; + !/)■ 

Tlie particular integral is 

i le-'-*-^ + amC2x-i-y)+ xy]. 

.^___1__ . . , e^+aj = ?^1^ ■ 

D' - DD' - a i)'2 + 2 Z) + ;i i>' - 10 

L ... Bin(2j: + y) 

= 1 sinfa * + w) = 1 -PjzJ?L su]{2 K + u> 

2(i>+i>') ^ ■^^ 2Z)2„J}'2 '^ 1" 

6 
B' - i>i)' - 2 i>'^ + 2 C + li Zl' ^^ " Z) + ZV " zT^iflM^ '*^ 
2 D + D'l, 2 ^ 4 j '' 

= ^(0a:s) - 6y - 2^3 + 9x - 12). 
Therefore, the general solution, is 

2 = *(!,-x)+e-M2a + y)~le^+^"-ioosC2:c + rt 
+ — (S Kj) - a !/ - 3 a2 + 9 » _ 12) . 

Ex. a. Solve Exs. 1, 3, 4, Art. 130, by the shorter raetJiods. 
Ex. 3. Find the particular integrals of Exs. 4, 5, 0, Art. 131. 
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133. Transformation of equations. The linear partial dilfer- 
eiitiiil equation witli variable coefficieDts, like the linear equa- 
tion between two variables, may sometimes be transformable 
iuto one having constant coefficients. In particular, an equa- 
tion in. which the coefficient of any derivative is of a degree 
in the independent variables equal to the number indicating 
the order of tbe derivative, is thus reducible. 'This is iUus- 
ti-ated by Ex. 1. (Compare Arts. 65, 71.) 

On assuming « = log?:, v = logy, llie equation lakes the Eorm 



of which the solution is s — ^(a + ti) + ^(u — ii). 
The substitution of the values of h, v, gives 



x^'SiT^ z^dx tdt y^dy 
134.* Laplace's equation; y^D = 0. The equatio 

daf dif Gz' ' 
usually written v^ = 0, 

and commonly known as Laplace's t equation, ia one of the 
equations most frequently met in investigations in applied 
mathematics, appearing, as it does, in discussions on mechan- 
ics, sound, electricity, heat, etc., especially where the theory of 
potential is involved. 

» Arta. 134, 135, 136, are merely notes. 

t Because it was first given, in 1782, bj Pierre Simeon Laplace (1749- 
1827), one of the greatest of French raatheraaticiana. 



(1) 
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For instance, if F be the Newtonian potential due to an 
attracting mass, at any point P(x, y, s) not forming a part of 
the mass itself, V satisfies (1) ; * again, if V be the electric 
potential at any point (x, y, a) where the electrical density is 
zero, V satisfies (1) ; t and, to give one more instance, if a body 
be in a state of equilibrium as to temperatme, v being the 
temperature at any point, — = 0, and v satisfies (1). ltf(x, y, z) 
denote any value of v that satisfies (1), / {x, y,z) = c in the first 
two instances is called an equipotential surface, and in the. 
third an isothermal surface. 

On changing to spherical co-ordinat«s by the transformation 





3; = )-sinfleoS(J>, 




)/ = )-sinflcos4, 




£ = J- cos 0, 


(1) becomes t 




d'v , 1 d\ 


, 2dv , cote dv , 



T^, + -, ^» + 



which may be written 

and if fi = cos B, it will take the form 

The subject of Spherical Barmonics is in part concerned with 

* B, 0. Feiro«, Nevitonian Potential Function, Art. 28 ; Thomson and 
Tait, miurat Philosophy, Att. 491. 

t W. T, A. Eintage, Mathematical Theory of Electrieity and Magnet- 
ism, p. 14. 

J Todhunter, Differential Calculus, Art 307 ; Williamaon, Differential 
Calculm, Art. 32S ; Edwards, Differential CaUulus, Art. 632. The equa- 
tion as given hy Laplace was in the fonn (2). 
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the developineat of ftinctioiis that will satisfy this equation.* 
A homogeneous rational integral algebraic functioo of a;, y, z 
of the jith degree, that is, a function of the form r"f(0, ^) in 
spherical co-ordinates, which is a value of v satisfying (1), is 
called a solid spherical hai'monic of the nth. degree ; and f($, <^) 
is called a surfaoe apherioal Iiannonia of the wth degree. Spher- 
ical harmonics are also known as Laplace's coefB.cients.t 
t of tji, (3) reduces to 



J_Af'sine^Vo. (5) 

sine 5^ V 5^y 



On putting v = i^F, where P is a function of $ only, and 
changing the independent variable $ by means of the relation 
fi = cos ff, (5) becomes 

which is Legendte's equation, Art. 83. A function that satis- 
fies (6) or (5) is called a surface %onal hanuonic. A particular 
class of zonal harmonies is also known as Legendrean coeffi- 
cients. t For a treatment of spherical hanuonics, see Byerly, 
Fourk^-'s Series and Spkencal Harinomcs, Cliap. VI., pp. 195- 
218; and of zonal harmonics, see the same work. Chap. V., 
pp. 144-194. 

In special cases (1) and its solution assume simple fovjus ; 
two of these will now be shown. 

*See Williamson, Diffci-ential Oalaulua, Chap. XXHI., Arts. 332- 
337 ; Edwards, DiffereHtial Caleuhis, Art. 18B ; Lamb, Hydrodynamics, ■ 
Ed. 1695, Arts. 82-86 ; Byerly, Fonvier''» Series attd SpheTical Har- 
monics. 

t So called after Laplace, who employed tliem In determining F in a 
paper bearing the date 1782. 

t After Legendre, who first introduced them in a paper puhlished in 
1785. Legendre's worit in this Bubjeet, howeTer, was done before tliat of 
Laplace (Byerly, Fourier's Series and Spherical Harmonics, Chap. IX., 
p. 267). See Ex. 6, Art. 82. 
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135. Special cases. In tlie first instance given in Ait. 134, 
suppose that the attracting mass is a sphere composed of con- 
centric shells, each of nniform density. Here v obviously 
depends only upon the distance of the point P from the centre 
of the sphere, and hence (2) Art. 134 reduces to 

!!+-?=(>. (1) 

dr r dr ^ ' 

which on integration gives 

v = A+f (2) 

Equation (1), in which v depends upon r alone, can he 
obtained directly from (1) Art. 134 by means of the I'elation 
r'' = a? + y^ + !^. For, 

dv _dv dr _x dv 

dx dr dx r dr 

dh> _1 dv x^ dv a? d^v _ 

da? r dr i^ dr i"^ dr^ 

. and adding, there 
results (1). "^" """ 

For the discussion and integration of (1) from the point of 
view of mechanics, see Thomson and Tait, Naturcd Philosophy, 
Vol. I., Pai't II., p. 35. 

If the point P in the second instance of Art. 134 be outside 
of a iiniforialy electrified sphere and at a distance )■ from 
the centre, obviously — -=Oand --~0; and equations (1) 
and (2) follow as before. For the interpretation and appliear 
tion of this i-eault, from the point of view of electricity, see 
Emtage, Mathemaiical Tlieory of Electriiyity and Magnetism, 
pp. 14, 35, 37. 

Again, suppose that the attracting body in the first instance 
in Art. 134 ia made up of infinitely long concentric cylindrical 
shells, each of uniform density, the e-axis being the common 
axis of the cylinder ; or, that in the second instance P is a point 
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outside an infinitely long conducting cylinder uniformly 
charged with electricity, the s-asis being the axis of the 
cylinder. Since in these cases v depends only upon the dis- 
tance from the axis of the cylinder, that is, upon a? + y% (1) 
Art, 134 reduces to ^,^^,h_„ 
(?)■* dr ' 
which on integration gives 

v = Alog — ; ova — Q^A log i; 

For discussion of these and other special cases, see the 
works referred to in the former part of this article, and also 
B. 0. Peirce, Newtonian Potential Function. 

136. PoiBson'8 equation: ■s7^ = -4:-wp. If in (1) Art 134 
the second member be — 4 irp, p being a function of x, y, %, then 
there appears the equation 

3af O'f dz' 
which is known as Poisson's equation.* An example of its 
occurrence is the following : f If p be the density of matter 
at the point (x, y, z) in the first instance in Art. 134, equation 
(1) Art. 134 takes the above form. In the case of the sphere 
described in Art. 135, the equation becomes 

dr^ r dr 
and the first integral is 



=-4,j;> 



where M denotes tlie whole amount of matter within the 
spherical surface of radius }■. In the case of the concentric 
cylindei-s, the equation becomes 

• So called from Simfion Denis I'oisson (ITSKlSiO), wliothusextniKied 
Laplace's equation. 

1 See Thomson anil Tait, Natural Philosophy, Art. 401. 
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d^ 1 dv _ 
d^^ r dr 



and the first integral is 



r'-^ = C — iTr 



EXAMPLES ON CHAPTER XII. 
1. xp + yq^m. 4. (_(.i-x)p+(_b-y)q = o-z. 

3, (^f+s-'-x^)p-2xyq + 2xs = 0. 5. (y + e)p + (_g + x)q = x + y. 

dx dy at t 

1. (s%-aK')p+(2j^-a^!/)3 = 0sCii3-j/»). 



8. z — xp - yq = aV^+y^+^. 14, x^^ = yf. 

9. (x^-yz)p + {^J^-zx)g=i'^-xy. 16. p^ + q'i = npq. 

10. (y-^)P + (''-^)^^'±:il, 16. 3-j,*-3j, = cVnr#T? 

^« sa^ xy 

11. co3(^ + !/)P + sin(x + y)5 = B. 1?. v^ + V^-1. 

12. x^ = is%l-pq). 18. 5 = 3;p+p2. 

13. Q = («4p^)^. 18. J'(l + 3) = 5'2- 

30. Find three complete integrals otpq =pi + qy. 
21. (3;^ + ?/^)CpM (!^)=1. 22. pq = x'"y"^'. 

23. {x + y)C)j + g)5 + (»-!/) Cp- 5)^ = 1- 
24. (f/-3;)(8i^-P«) = (jj-Q)^. 35. {p + q)(px + gv)='^- 



26. OT + ji = 93:V. 37, 5 + -^ = -^. 28. 3V - 2pgs + i)3( = 

39. g(l + q)r - (p + g + 2p9)s +11(1 +p)( = 0. 

30. yr={ii-l)yp + a. 33. p+r = xy. 

31. |^, + ^/W = F(i/). 34, s = xy. 

33. xr~p~xy. 36. r +(« + 6)s+ o6( = 3^. 

3B. (6 + C9)V - 2(b + c9)((i + cp)8 +(a + cj))2( = 0. 
37. s+Y^^^p = ay\ 38. )- + ^3 = 15a3(». 
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MISCELLANEOUS NOTES. 



A system of ordinary differential equations, of which a part or all is 
of aa order higher than tlie first, can be reduced to a system at equations 
of the first order. 

Take the single dillcrcntial equation of order h 

and pat ^ = yi, ^ = ni, -, ^^ = y„-i. Thcii(l) can ho replaced hy 
the following system of n equations of tlic first order, 



Again, suppose that tliere are two simultaneous equations, 



on,«,.,gft=,., g.,.. ; 
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DIFFERENTIAL EQUATIONS, 
by the following equivalent system of equations of tJie first 



It is eyideiit that ajiy system of ordinary differential equations can to 
reduced in this manner to another equivalent system, where there will 
appear only derivatives of the first order. 



NOTE B, 

[This Note is supplnmentary to Art. 1.] 

The Existence Theorem. 

Following is a proof of the existence of an integral of an equation of 
the first order.* 

Suppose that the differential equation 4i(_y', y, x)= 0, where y' stands 
for ^, is put in the form 






y' =f(x, y), 



(1) 



which is always possible, lliis proof is limited to the case where f(x, y) 
is a function which caii he represented by a powerTseries t 

ao + aiX + a^ + a^^ ■+ a^y + ac'f + ■■■ + a^^y" H — , 
in which the a's are all known, since f(x, y) is known, and which con- 
verges for ]ii;[<i', |l/]<(, say. (The symbol i*| denotes the numerical 
value ntx.'j 

* This proof is taken from notes of a course on differential equixtions 
given by Professor David Hilbert at GSttingen. 

t This is by far the most important case, since in the higher mathe- 
matics such functions are almost exclusively dealt with, and in applied 
mathematics they are universally used for approximations. 
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II is to be shown tliat there is a convergent series 

y = ao + ai3^+>i^^ + - (3) 

which identieaUy satisfies 

y' =f(x, ^j = «(, + aix + aiy + aa^? + atxy + ao!/^ + ■■■ 

+ (!^'V + ..-; (3) 

and wliicli also satisfies a given initial condition, say, tliat y = yii when 

Tliat s = when x = may he taken for tlie initial condition without 
any losi o£ generality. For, on substituting ij 4- Ji) for x and ^i + ya for 
y'm (1), it becomes 

yi' = ,pix,, y,); (4) 

and it is evident that for 

Vi = do' + oj'k + os'k^ + ■■■ 
to identically satisfy (4) and the initial condition that yi — when xi = 0, 
is the same thing as for (2) to satisfy (3) and the initial condition that 
y = yi, when x^Xq. Hence the initial condition may be tsiken in this 
form at the beginning ; and for this it is both necessary and sufficient 
that BO In (2) be zero. 
It will now be shown 

(a) that there is oiie and only one series, 

y = aix + a^x^-l- ■■; (5) 

which satisfles (3) identically; and 

(b) that within certain limits for s; tiiis series is convergent. 

On transtonning the series m (il), which has been supposed conver- 
gent for |a;|<i-, |yl<(, by putting x = rai, y = Cyi, equation (3) takes the 

y' =f(r3^i, tyi)=ai,' + ai'xi + ai'y, + as'xi^ + ik'^ijyi H — - 

The second member ot this equation is a convergent series, and con- 
verges when Xi = yi=l ; and, therefore, Oo' + ai' + fla' + -■ converges. 
This shows that the absolute valne of each a' is not larger than a cert^n 
finite quantity A, say. The substitution just made for x and y does not 
make any essential change in the problem, and hence it might have been 
assumed at first tiiat the a's of (3) were each not greater than A. In 
what follows the a's are accordingly regarded as not greater than A. 

infinite number of series 
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If (5) satisflea (3), the Talue of y and y' derived from (5), when sub- 
stjtuted in (3), muat make the latler an identity; and, therefore, 

oi + 2 ajK + 3 03** H 

= flo + flis: + HaCoiie + o^3^2 + —)+aax'^ + 043^(013; + oji^ H ) 

+ 01(011 + 053;^+ -..)2+ -.■ 
is an identical equation. Hence 
fli = Oo; 2 Qa = tti + "B"i, -whence m = "^ "'" °^''° ; Saj = o^ h- o^to + ojoi, 

whence 03= 03 +2S(aj-]- ajao) + ■aiao ; snd similarly for 04, os, ■■•. It la 
evident that all llie a's can he detennined as rational integral functions 
of tlie o's ; and it is also to be noticed that all the numerical coefficients 
in the espressiona for the o's are positive; and, therefore, the a's will 
not be diminished if each of the a's is replaced hy A. 

From the method of derivation it is evident tliat (5) with the a's de- 
termined aa above identically satisfies (3). It has still to be determined 
whether this series is convergent. 

On replacing each of the «'s in (3) by A, a quantity not less than any 
one of the a's, there results 

y' = A(\-i-x+y + x^ + xy + y' + ic^-i-x^+ -)- (6) 

The integral of this equation is found hy replacing each of the o's that 
ocenr in the expressions for the a's of (6) hy A. None of these latter 
coefficients are diminished by changing each of the «'s to J, as pointed 
out above ; lience, if the integral of (6) is convergent, the integral of (3) 

Now solve (6) directly. On factoring the second member, the equation 
becomes 

!/' = ji(l + x + 3;2 4-...)(l-i- j(H-^a+ ..,), 

1 -I i-y 
Tlierefore, (1 - y)<iy = A-^] 

whence, on integration, y~^y'^ = — A log(l -x)+ Ci. 
Therefore, j) = 1 ±[2^1og(l - 3:) + c + ]]i 

Here c must be determined, so that the initial condition be satisfied, 
namely, that y~(l when x = (l; therefore 

= l±VcTi. 
Hence the square root must have the minus sign, and a must be zero. 
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tsi; + — + — + -■■ converges for |3;]<1 ; hence the square k 



„ = l-[l + 2^1og(l-^)]^' = l -[1-2^^^ + 1 + 1+. ..)]l (7) 



ofl — 2A(x + — -\ 1 — j converges for | a; | < 1 ; and hence the value 

of y ill (7) is finite; and, therefore, the value of y in (5) is finite for x 
within certain limits. 

Note A showed that an equation of order n, can be replaced by a sys- 
tem of n simultaneous equations of the first order, each containing an 
unknown function to be found. In the case of the equation of order n, 
tlie proof of the existence of integrals 13 made for this equivalent sys- 
tem instead of for the single equation of the nth order ; the proof can 
be carried through in much the same way.* 

The method of proof given above is known as " tlio Power-Series 
method." 

Historical Mote4 — Augustin Louis Cauchy (1780-1857) of Paris, who 
was one of the leaders In inaiating on rigorous demonstrations in mathe- 
matical analysis, gave the two first proofs of the existence theorem for 
ordinary diHereutial equations. The first proof was given for real vari- 
ables in 1823 in liis lectures at the Polytechnic School in Paris; the 
second was given in 1835 for complex variables in a lithographed memoir. 
He was also tlie first who proved the existence of integrals of a partial 
dlHerential equation. The first of the two proofs was published in 
Moigno's Calculus in 1844 ; tliis may be called " the method of difference 
equations"; it has been developed and simplified by Gilbert iu France 
and Lipachitz in Germany. In his second method Caucliy employed 
what ha called •' Uie Calculus of limits." This method has been developed 
by Briot and Bouquet, and M&ray in France, and Weierstrass (1815-1897) 
in Germany. (The proof given above follows Weierstrass' exposition of 
Cauchy's second proof 1 A new proof that by " the method of succes- 
sive approxunations was given by fimiie Pioard of Pans in 1890 J 

•Leo Koenigsberger Theorie d 1 Diffe entuilgleichti jeii (Leipzig 
1889), p. 27 

t For many listotical rotes aid lefuiences relating to the existence 
theorem see Minsion Thfone Itr FiitifUea Dt^ffeientiiljletchungen 
pp. 26-29 

J For an English translation of thi pr f m-vde by Piofessor T S 
Fiske, see BuUetin N T Mah ko \ ol I (1891 l'*92) pp 12 10 
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In the TraiU d' Analyse of fe. Picard, t. II., pp, 291-318, will be found, 
besides the autlior's own proof just mentioned, Cauchy's first and second 
proofs, the latter as modified by Briot and Bouquet ; and Madame 
Kowalevsky'B proof* of the existence of integrals of a system of partial 
difiereiitial equations. (A knowledge of the theory of functions of a 
complex variable is necessary for the reading of some of tliese proofs.) 



tNOTE C. 
[This Note is aupplementary to Art, 3.] 

The complete solution of a differential equation of the nth order con- 
tains n arbitrary Independent constants. 

Let y', y", ■■• denote the first, second, ■■■ derivatives of y with respect 
to X, and y(p), y'(0), y"(0), ■■■ denote tlie values of y, y\ y", ■■■ when 
« = 0. First, let an equation of the first order be considered ; and 
suppose that the solution of 

F{y\y,x)=0, (1) 

when expanded in ascending powers of ic is 

y = c + cix + C2x^+ ■■-. (2) 

Note B shows that the solution can be thus expressed, 
But!/(a) = !/(0) + !/'(0)cc + i!/"C0)ii;^+-(Maclaurin'sTheorom);(3) 
l£ 
and therefore e, = y(0), ci = j/'(0), Oi = --y"{0'), ■-. 
11 
Now c = j;(0) cannot be expressed in terms of anything known or 
determinable. However, Ci = y'(fi) can be determined, for F{y', y, x) 
~ holds true for all values of x, and hence for x — Q; tlierefore 
F{y'(<i), y{ll'), 0} = 0, that is F(e,,c,0) = O. This determines Ci in terms 
of c. 

Equation (1) may he solved for y', thus. 

y' =/(!/, ^)i (*) 

then, on dillercnliation, 

• Crelle, Vol. 80. (Memoir dated 1874.) Madame Sophie de Kowa- 
levsky (185S-1891) was professor of higher mathematics at Stockholm 
(1884-1891), and received the Bordin prize of the French Academy 

t For this Note, I am indebted to notes of lectures by Professor 
Hilbett at Gottingen. 
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»" = I'' + 1 ' "■"'" ""^ = [|»'<»> + !]-■ 

This determineB Cj in terms at c and. ci, and from this Cj can be found 
in terms ol c alone. Another diSerentiation and the sabstitution of 
E = Oin tlie result will give aai equation by means of which ^'"(0), and 
thus Ca also, can be expressed in terms of c ; and similarly for the con- 
stants C4, cj, ■■■. Therefore all the constants except c are determined; 
tliat is, the differential equation of the first order has one arbitrary con- 
stant In its general solution. 

In the next place, let an equation of the second order be considered. 
Put the equation fiy", y', y, x)— into the form 

y"=Ay',y,xy, (5) 

and suppose that the solution is 

y = c + cix + cix'^ + ■■: 
Determination of the values of c, Ci, Cj, .--, as before, gives c = y(0), 
Ci = y'iO), C2 = —y"((f), .... But, from the given equation, 

y"(0) = /{S''CO), y(0),0}; 
and this determines Ca in terms of c and c;. On diSerentiating (5) and 
putting x, = 0, there la obt^ned 

»'"(» = [y>" + 1^' + 1 ]..,= «■(=, a, t,) = F{,., a, !/(.„ 0, 0)) i 

and hence Cj is found in terms of c and c,. By proceeding in this way, 
the values of all the other coef&cients can be obtained in terms of c and 
Ci ; but it wiU not be possible to obtain any information about e and 
ci. The solution of (6) wUl therefore contain two arbitrary constants. 

The proof of the theorem for equations of higher orders is made in 
exactly the same way as has juat been used in the case of equations of the 
first and second orders. 

NOTE D. 

[This Note is supplementary to Art. 4.] 
Criterion for tlie Independence of Constants of Integration. 
In Art. 4 an example has been given of an integral in which there are 
apparently two constants of integration, but in reality these two are 
equivalent to only one. The question thus arises, how is it to be deter- 
mined whether the constants of integration are really independent ? 
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In the case of a solution of ari equation o£ tlie second oi'Uei- having tlie 
form y = ip{x, Ci, cj), the criterion tliat tlie constants C], c? be indepen- 
dent, by which it is meant that this solution be not reducible to the fonn 
y = <f' {x, /(ci, Cs)}, in which there is really only one arbitrary constant 
/(cii 61), is that tjie det«rniiuant 

d± d± 

be not equal to zero. 

For, suppose that i^(«, Ci, Ca) can bo put 
On forming and expanding the above determii 

a-/- df bH df S'4' a.f Si' 8f 

dfdci d^dfdc!. dxdfdci df dcs' 
which is identically zero. 

* Conversely, if the detennmant be identically zero, tlien *(k, Ci, Cj) 
must be of theforni^{a:,/(ci, ca)] ; that is, •t>(x, ci, Ca) will not vary, no 
matter how cj and cj are varied, so long as /(ri, cj) is assigneil some 
particular constant value. 

On writing p, q, for ^^, ^-^, the condition tliat the determinant be 

zero takes the form p^ — 1^ =0. whence on integration - = a con- 
stant; that is, - is independent of x, and ienoe can only involve Ci 

and Ca. Take - = -^, where L, M, are functions of Ci, c^. Hence 

;, - q M' 

M^=L^- Now differenliation of ?!(,«, Ci, Cj) gives 

dx dci ('ca 3k L oci 

But Ldci + Mdci has an integrating factor /i, such that itLdCi + nMdc^ 
is a complete differential of the form <if{e\, Cs). 

Therefore (j^ = £* dx + -L ^ . d/(o,, cj); hence ^(a:. Ci, Ca) will net 
Qx liL 3ci 

vary, no matter how Ci, Ci are varied, provided only that they satisfy the 
condition /(Ci, ca) = a constant. 

Hence the necessary and sufficient condition Uiat Ci, Ca be really inde- 
pendent in ^(x, ci, c%) is tliat tlie above deteraiinaut be not equal to zero. 

* This part of the proof is due to Professor McMaion of Cornell 
University, 
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More gejierally, ilio critei'iou tliat the n pariiiiieters u,, ca, 
f(x, C|, Ca, ■■■, c„) be indepeEdent is that the determinant 






dciSxdc^d^ dCadx 



6"f ..._5V_ 



t. 12.] 



1 exact differential when ^=- = ^- 
dy dx 



NOTE E. 
[This Nutfi is supplementary to A 
« Proof that Fdx 4 (^f?y if 

Hence O = ^— + *'(?/), where ip'iy) is some function of y. Tlierefore 
dy 



dx dy 

- d [ F + ■p{y}'\, an exact (iiftereiitial. 



NOTE E. 

[This Note ia supplementary to Art. 49.] 

On the criterion that n integrals iji, y^, ■■■, y„, of the linear differential 
sq^uation 

be lineariy independent, 

* I am indebted for tills proof to I'rofussor MoMahou, of Cornell. 
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the criterion, it may be remarked that 



wliere ai, na, ■- are constants, existing between all or any of the integrals 

Vu 1l-!y—iy«i tliEn the Integral s = Ci!)i + CaJ/a H i- c'X. i" virtue of 

(2), may be written 



This expression does not really contain more 
3tan(s, and therefore is not tlie general integral. 
Form tlio determinant 



than n — 1 arbitrary ci 



This determinant is 
/„, and will be denoted 



where the elements of each row below the first ar 
corresponding elements in the raw above them 
known as the functional determinant ot yi, gs, ■ ■ ■, 
byB. 

If there be a relation such as (2) between the int^als yi, y^, ■■■, y„, 
then the elements of one of the columns oE B are formed from several 
other columns by adding the same multiples of the corresponding elements 
of these other colunms ; and, consequently, B will be ideutioally equal to 

Conversely, if B=0, there will be a linear relation of the form (2) 
between the integrals y, j/i, ■■■, y„. Since B = tlie detPrminint must 
be reducible to a form wherein all the elements of one column ire iori 
that is, there must be certain multipliers Xi, X" X sui,h that 

%i + ''sya + ■■■ + Vjii = f 
Xm' + Xii^a' + - + >^^«.' = 



J.,yi(»-i) + X^^ii"-!) + ... + Ky^l' 



DifCereiitiation of each of tiicse equatioi 
next following gives 



jnd subtraction ot the o: 
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''iVv + ^a'J'a + ■■■ + '>'«% = 
M'yi' + XaW + -■- + K'y,,' = 

... (4) 

Xi'!/!*"-^' + Wyn'-""'^ + ■-■ + ^^'Vn'"--' = 
Xi'j,i(~-i) + Xa'jfiC-i) + ... + X„W''-'> I ^ J, 
+ ^i!(<"l + XaSa'"> + ■■■ + Xn!/.,'"* j 
But the second line of the last equation is zero. This may he steii by 
substituting yi, y2, —, y« in (1), multiplying the equations thus fonntd 
by Xi, X3, ..., \„ respectively, adding their first members, and taking 
account of (H) in the result. 

From (3) and (4) it follows that 

Suppose that each of these fractions is equal to p, say. It follows from 
integration that X, = oicf"'^, \i - meSM', — , K = ch,eSi'^, m, aa, ■■■, <■„ 
being the constants of mtegration On substituting tliese values in the 
first of equations (3) and dividing by the common factor ef'"''", tlieie 
appears the relation aiwi + nsj/j + — h a^., = 0, 
which IS thus a consequence of S being equal to zero. 

Therefore, the necessary and sufSoient condition that yi, y^, ■■•, y^ 
form a system of linearly independent integrals, or a fmidameiital system 
of iategralg, as it is sometimes called, is that tlie determinant E do not 
vanish identically. 

NOTE G. 

The relations between the coefB.cients of a linear differential equation 
and its integrals. 

In close analogy to the problems of forming the algebraic equation of 
the nth degree when its n roots are given, and of finding the relations 
existing between its ooefEcients and the roots, are the problems of form, 
ing the linear diHerential equation of the »th order, of which n inde- 
pendent integrals, in other words the general solution, are given, and of 
finding the relations between its coefficients and the integrals. 

ijBtyi,ys, -".yn ben linearly independent functions of x. It is required 
to form the differential equation wluch has these functions for its inte- 
grals i in other words, to form the equation which has 

y = cm + (Wz + ■-- + e* (1) 
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for its general solution. The differential equation ia formed by elimi- 
nating Ci, Cs, ■■■, Cn from the given integral by the method shown in Art. 3. 
By difierentiating n times there is obtained the set of n + 1 equations, 

y ,= em + csya + ■■■ + 6„y„ 

y' = ciyi' + ciHi' + — + c,.!/»' 

yi("l =; Cij;,(»l + ca!?/"! + ■■■ + flnSIn'"'. 
From tills the eliminant of the c's is fonnd to be 
V yi Vi —y^ 
y' yi' ys' -y^' =o, (2) 

j,(n) j,,(") ^aC) ...;;„(>•) 
tlie difierentiivl equation required. 

Now suppose that the differential equation having the integrals yi, 
J/ii —1 ^n is in the form 

f^ + Pif=^+ P.f^,+ - + P,.{y) =0. (3) 

On denoting the minors of y, y', ■-, j^w in (2) by Y, Yu —^ I'm respec- 
tively, (2) on expansion becomes 

r.^-r„-if^f+-+C-i)"Fi/ = o, (4) 

Comparison of (3) and (4) shows that 

It will be observed that Tn ia the determinant B of Note F. * In partic- 
ular, since differentiation will show that T„- 1 = ^, P, = - — —-^ ; 
dx Yn O^- 

and hence ¥„ = e-)''i'''. 

NOTE H. 
[This Note is supplementary to Art. 102.] 
On the criterion of integrability of Pdx + Qdy + P<Jj = 0. 
It has been shown in Art. 102 that the necessary condition for the 



Pdx + Qdy + Bdz -D (1 

* This deduction is due to Joseph LiouviUe (IS09-1882}, professor i 
the College de France. 
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is that the coefflcieiita P, Q, E, satisfy the relation 



■fiS- 



sW \a» )'! I* Ss:l ^' 



It will now be proved that this condition is also sufficient, by showinft 
that an integral of (1) can be found when relation (3) holds. 

Substitution shows that, if relation (2) holds for the coefficients of 
(1) , a similar relation holds for the coefficients of 

liFdx + n Qdy + nBdz = 0, (3) 

where ja is any functjon of x, J/, z. It Fdx + (jdy is not an exact diSer- 
eiitial with respect to x and y, an integrating factor n can be found for it, 
and (3) can then be taken as the equation to be considered. Hence there 
is no loss of generality in. regarding J^x + Qdy bh an exact diiferential. 

Let f (TWa; + Qdy)= V(3i, y, z), then the solution of 

Fdz + gay = is V(x, y, e) = c. (4) 

Hence ^dx + ^<ly + ^dz = 0, 

that is, Ptte + qay + ^dz = 0. (5) 

(Tn the first equation of (i) x and y alone are supposed to vary ; in (5) 
cc, y, z, can all vary.) 

Since (5) has an integral V(x, y, z) = c, a relation of the form (2) 
must exist between its coefficients ; therefore 



d^v 



Syl ^\dzd^ dz) d!^\5y dx) 



The subtraction of (6) from the given relation (2) gives, the 
bracket in each being zero since Pdx + Qdy is an exact differential 
respect to x and y, 

\e^dy dvl ^\d^dx dx) 

whence, p i-faZ„ jjV q .S f ^„ j;\ «. 

5y\d^ I ^dx\8^ I 

Since Pdx + Qdy — when a and y alone vary, the latter may be w 
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'riiis has to lie satisfied for all valnes of x and y, wlieii x and y aloiii' 
vary; hence, ^~ — iJ ia independent of both x and y, and, tiierefore, is a 
function of a alone. 

Now (1) may be put into the form 

each aide of ivhich is an. esact diSerenUal ; and integration gives 

Hence (2)* is both the necessary and sufficient condition that (1) iiavc 
an integral. 



Modern Theories of Differential Equations. Invariants of Differentia! 

Th tw d th f 1 ff tl 1 q t 

()Tltlrybedpnthtl yft t i \\ 

bl 

(&) Tl tl y b sed po I th yft t m t g p 

Th t dy t d ft 1 q t 1 1 b t f ty y rs was 

re t d t h d t f rules dmtllsf bmg 1 

tthq dp tl It te fkw 
ft E tthb \i fUpret tyjl 

Of IT th it 1 I 1 th te f th g 1 

ca f p ri bles th d d t d p oof f whi h t b f d i 

F rsjth Th y f Jiff I Ei ns P rt I pp i-ll (S f 

t , p 138 ) S S rr t, ; I Int g J ( d t 1886) Arts 785- 86 
t Two historical aiticlea that the student would do well to consult are ; 
T. Craig, " Some of the developments in the theory of ordinary differ- 
ential equations between 1878 and 1893," Bulletla of N. Y. Math. Soc, 
Vol. II, (1892-1893), pp. 119-134; R. E. Smith, "History of Modem 
Mathematics" (Merriman and Woodward, Higher Mathematics, Chap. 
XI.), Art. 11. Also see F. Cajori, History of Mathematics, pp. 341-347, 
t " Gauss in 1799 showed that the diSerenUal equation meets its 
limitations very soon, unless complex numbers are introduced." 
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mathematicians saw tliat aiiy marlted adyanee in tiiis direction was im- 
possible without tlie aid of new conceptions and new methods. But it 
was not until a comparatively receat date, tlat wider regions were dis- 
covered and begun to be explored. 

"A new era began with tlie foundation of what is now called functioii- 
tlieorj by Cauohy, Riemann, and Weierstrass. Tlie study and elassitica- 
tion of funct n ac d ng t tlieir eiBseutial properties, as distinguisijed 
from the accid t. f th analytical forma, soon led to a complete 
revolution in th th ry f diffierential equations. It became evident 
that the real q t sed by a difievential equation is not whether a 

solution, aasum d to xist n be expressed hy means of known func- 
tions, or integ al f kn wn f notions, but in the first plac« whetlier a 
given difierent al q at n 1 really suffice for the definition of a fmio- 
tion of the independent variable (or variables), and, if bo, what are the 
characteristic properties of the function thus defined. Few things in the 
history of mathematics are more remarkable than tlie developments to 
which Hiis change of view has given rise." * 

The leading events in the early history of this new theory are ; the 
publication of the memoir on the properties of functions defined by dif- 
ferential equations, by Briot and Bouquet in the Journal de vEcole 
Polytethniqite (Cahier 86) in 1856; the paper on the differential equation 
which satisfies the Gaussian series, by Riemann at Gottingen. in 1857 ; 
and, perhaps, most important of all, the appearance of the memoirs of 
Fuchs on the theory of linear differential equations with variable coeffi- 
cients, in CreiU's Journal (Vols. 68, 38) in 1868 and 1808. t 

The only work in English which employs the function-tiieory method 
in discussing differential equations is that of Professor Craig. } 

A knowledge of the theory of substitutions, as well as of function- 
theory, is required for reading some of the modern articles on differential 
equations. 



* See G. B, Mathews, a review in Natwre, Vol. LU. (18S5), p. 313. 

t Albert Briot (1817-1882); Jean Claude Bouquet (181S-1885); Geoig 
Friedrich Beriiliard Riemann (1826-1866), the founder of a general 
theory of functions of a complex variable, and the inventor of the sur- 
faces, known as "Riemann's surfaces"; Lazarus Fuehs (born 1836), 
professor at Berlin. 

t T.Craig, Treatise mi Linear Differential Equations (Vol. I., published 
in 1889). See Note J for the names of other woriis on the modern 
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I'cofeasor Lie * of Leipzig lias disoovered, and si 
the tlieory of tranaEonualion groups. Tliia tlieory bears a olose analogy 
to Galoia' tlieory of Bubstitution groups wliicli play ao large a pact in the 
treatmeut of algebraic equations. By meaos of Lie's theory it can be 
at oHce discoTei'ed whether or not a differential equation can be solved by 
quadratures.1 A (o (Jiwim g w k b P 1 difier- 



,1 equations treated fr u 
i 



ta p L 



The tlieory of inn £ n ar d fl q f the 

later developments ii h d d ff qui ns Wh plays 

a very important par h h m d h es ed boTe, 

yet, to some extent be d d w d these 

theories. § It has b d IS n q k ebi^C 

equations, have inva An m a hn aa d S nation 

is a function o£ its o fti ts d d h w en the 

dependent variable undei^oes any linear transformation, and the in- 
dependent variable any transformation whatsoever, this function is eqnal 
to the same tunetjou of Uie coeflolents of the new equation multipled by 
a certain power of the derivative of the new independent variable with 
respect to the old. 

The introduction of invariants into the study of differential equations 
is due to E. Laguerre of Paris.H Those who have made the most im- 

• Sophus Lie was born in Norway and educated in Christiania. He has 
been Protesaoc of Geometry at Leipzig since 1880. He has espounded 
his theory in the following works ■ Theorie der Transfoi-mation'jntppi'n, 
Vols. L,IL,in. (1888-1863) Vorles nje u e e rain ml he G ppe 
(1893). See p. 207 for his wo k o DiSereut al Equat ous 

t For an elementary introduct on to L e s theo y of t~Hiafo ma on 
groups, and its application to Iffeen al e^ua o s see a-t lea by 
J. M. Page: "Transformation Groups A aals of M t enu t cs Vol 
VIIL, No. i (1894), pp. 117 138 Tranato m o groups appled a 
oidinary differential equations, Annals vf Matltematiea, \ ol. IX,, No. 3 
(1895), pp. 59-69. Also see J, M. Brooks, "Lie's Continuous Groups," 
a review in Bull. Amer. Math. Soc, 2d Series, Vol. I,, p, 241. 

i By The Macmillan Co, 

g See Craig, Linear Differential Equations, pp. 19-22, 463-471 ; and 
the memoir of Forsyth referred to below. 

II In his memoirs; "On Unear differential equations of the third 
Older," Oomptes BenHus, Vol. 88 (1870), pp. 110-119 ; " On some invari- 
iinta of linear diffyreutial equations," Ibid., pp, 224-227. 
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:n TE J 

W Jc Dlff E 



fmiotioiis, substitutions, transformation 

less discussed. The first group Is lUAde up of ttie smaller and more ele- 

mentaiy works ; the second includes the larger and mote advanced, 

I. 

OsBORSE ; Examples of Dilferential Equations with Rules for their Solu- 
tions, Yii + 50 pp. Bostoo, 1886. 

Byekly : Key to the Solution of Differential Equations, being pp. 266- 
339 of bis Integral Calculus, edition of 188S. Boston, 

Edwards : Elementary Differential Equations, being Chaps, XIII.-XVII,, 
pp. 211-277 of hia Intflgral Calculus for Beginnera London, 18S4. 

Johnson ; Differential Equations being Chap Vll pp 30S-373, of 
Merrim'tu ■wid Vi oodward, Hijhei M iChfrnalia New York, 
1896. 

Steobmanm Integralreehnung (edited bj Kiepert) Chaps XIII-XV., 
pp. 407-563 6th Aufl Hmnover 18J6 1st Aufl I860 

Amr : Partial DifierentiaJ Equations viu + 58pp Lfnlon 1&66 



De MoEfisN Differential and Integral Cilcul IS, CI ap "VI pp 1S3-215J 
Chap. XXI., pp. 681-736. London, 184^, 

* G. H. Halphen (1844-1889) of the Polytechnic School in Paris. 
"Mfimoire sur la r^uction des ^nations diff^rentielles lineaires aus 
formes iat^grables," Mimolres dea Savants Strangers, Vol. 28 (1884), 
pp. 1-301, Chap. III., pp. 114-176, in this memoir treats of invariants. 

A. R. Forsyth, " Invariants, Covariants, and Quotient-DeriTatives asso- 
ciated with linear differential equations," Fhil. Trans. Boy. Soc, Vol. ITS 
(1888), A, pp. 377-489. 
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pKicE -. Infinitesimal Calculus, Vol. II., pp. 513-707. London, 1865. 
HvMEns : A Treatise on Difierential Equations, yiii + 180 pp. 2d edi- 
tion. London, 1858. 
Boole : A Treatise on Differential Eciuations, iv + 496 pp. London, 
1859. The same, new edition with supplementary yolnme, xi + 
235 pp., by I, Todhunter, 1835. 
Forsyth ; A Treatise on Difierential Equations, xvL + 424 pp. London, 

1885. 
JOHsaoN : A Treatise on Ordinary and Partial Differentia! Equations, 

xii + 308 pp. New York, I88(t. 
MoiONO : Calcul Int^ral, pp. 333-783. Paris, 1844. 
Duhahel: Calcul Infinitesimal, t. II., pp. 122-490. 2d edition, Paris, 

1861. 
Sehket : Calcul Integral, pp. 343-676. 1st edition. Paris, 1868. 
HotJEi,: Calcul Infinitesimal, t. n. (1879), pp. 287^72; t. IIL (1880), 

pp. 1-237. Paris. 
Laukent: Traits d'Analyse, t. V., pp. 1-320; t. VI., pp. 1-223. Pari-s 

1890. 
BoussiNEsQ: Coura d' Analyse Inflnitfeimal, t. 11,, 1, pp. 177-229; t. U., 

2, pp 1-7 22a-5'35 Paris, 1890. 
Dti Bois-Rbimond Beitriige zur Interpretation der partiellen Differ- 
entialgleiohungen mit drei Variabeln. Heft I. Die Tlieorie der 
Characteristiken sv li h- 255 pp. Leipzig, 1864. 
EiEMANH Partielle Differentialgleicliungen und deren Anwendung aut 
physiktlisohp Fraaen (edited by Hattendorff, 3d edition, xiv + 
325 pp ) 



III. 

roKSYTH ; Theory of Differential Equations, Part I. Exact Equations 
and I'faff'H Problem, xiii + 340 pp. Cambridge, 1890. 

Dbbabtbes; Gouvs d' Analyse, t. Ill,, pp. 1-134 (in 4° lith.). Equa- 
tions difierentielles et aus differences partielles. Paris, 1806. 

KoENiQBDBKOEii ' Lehrfeuch der Tlieorie der Differentialgleichungen mit 
einer unabhangigen Vaiiabeln, xv -|- 485 pp. Leipz^, 1889. 

JoEDiN: Cours d' Analyse, t VII , pp. 1-458. 1st edition 1887, 2d edi- 
tion 1896. Paris 

Picabd: Traite d'Analyse, t II (1893), pp. 291-347; t. III, (1896), 
siv -I- 568 pp Parii. 

PAiNLETfe ! Lemons sur la Tlieorie Analytique des liquations Dift^r- 
entielles, 19 + 6-1- 589 pp. (Lith.). Paris, 1897. 



y Google 



MISCELLANEOUS NOTES. 207 

i,:E-ScHEt-FKKS; VoriLSUugCE uber Di Keren tialgk'iuliuiigen mit bekannten 

infinitesmalen Transform ationen, siv + 568 pp. Leipzig, 1891. 
Paoe ; Differential Equations from the Standpoint of Lie's Transforma- 
tion Groups. (Now in Press.) New York, 1897. 
GouRSAT : Le9ons sur 1' integration des equations aux d&ivfes partielies 

du premier ordre, 364 pp. Paris, 1891. 
GocESAT : Lemons sur I'integration des 6|uations aiix dSrivSes parUelles 
dvi second ordre, t, I., viii + 226 pp., Paris, 1896 ; t. II. (en cours 
d' impression), 1897. 
PocKELS : Ueber die partieile Differentialgleichung Am + k^m = unti 
deren auftreteii in der matliematisclieii Pliysik, xii + 339 pp. Leip- 
z^, 1891. 
MiNsioN-MjisBR : Theorie der partieilen Difierentialgleichungen erster 

Ordnung, sxi + 489 pp. Beriin, 1892. 
PoiNCAKfe ; Sur les Equations de la physique math^matiqae, 100 pp. 

Paris, 1894. 
pAiNLEvfe : Lejons sur rint^gralion des ^uations difESrentielles de la 

mfeanique et applications, 4to. (Lith.) 295 pp. Paris, 1895. 
Ceaio : Treatise on Linear Differential Equations, Vol. I., ix + 616 pp 

New York, 1889. 
" Hefftee : Einieitung in die Theorie der linearen Differeutialgleieliungeii 

mit eiuer uuabhSngigen Variabeln, sit -1- 258 pp. Leipz^, 1894. 
Klein: Vorlesungen Uber die hypergeometriache Function, 57) pp. 

(Lith.) Gattingen, 1894. 
Klein; Vorlesungen iibet liueare Differentialgleichungeu der zweitpn 

Ordnung, 524 pp. (Lith.) GBttingen, 1894. 
f ScHLBSiJJQEB : Handbuch der Theorie der linearen Diffierentialgleicliun- 
gen, Bd. L, xs + 48e pp. Leipzig, 1895. Ud. IL, Th. 1, xviii + 
632 pp. 1897. 

* See review by M, BCoher, Bull. Amer. Math. Soc, 2d series, 
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ANSWERS TO THE EXAMPLES. 



CHAPTER L 
(p stajida for '^■\ 

Art. 3. 

~ ipxy - ^■^ = 0. 3. (1 + if-y = 



r^(<f-tY 



. pVl — 'J? = y. 

. 12j|2j,=(8p3_27)a!. 
. y =px +p— p'. 
8 opS = 27 y. 



(% 









14. l'^ + 2, = 2 



CHAPTER IT. 



3. J = t(o 
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2. xy^ = c''(a + 2y).* 3. y = a 

( 
Art, 10. 

1. (^y-x+mtl + X--l)' = c. ^ 

\2)/ + 1 -V21/ 
Alt. 13. 

3. 11% +^~xy^~afiy = c. 4. a^' + bxy + cf + gx + ey = 6: 

6. 3^j^ + 4 1'Jy - 4 !?/= + gs - if:c» + e='y + k' = c. 

Art. 16, 

3. 2alogK + fllogj/ — ?/ = c. 4. 'jfiif + my'' = ex''. 6. j:= + - = c. 

Art, 17. 
1. '^ + \og^ = c. 3. 21oga;-logj) = — + e. 

Art. 18. 

1. e'(_z^ + S)3) =c. 2. a^ - yii = «k. 3. xY + »^ = cy, 

4. s;;/ + y^ + -^ = c. 
y' 

Art, 19, 

2. 5!>^~^!1/T3 — 12 3:"T5?/*T! =e. 3. 6-v^ — »""%s = c. 

Art. 20, 

2. y = (x + c)e-'. 3. ;, z= tans; - 1 + ce "-.' 4. y ^(e'^ + c)(«4- 1)". 

6. Six^ + l)y = ix^ + c. 

Art, 21. 

3. 7 y~l =<xd-?. -J?. 4. /j = e(\ - *^)i - ^^^- 
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ANSWERS. 2: 


U 






Page 29. 




1. 

3. 


K2 = 2q/ + A 


4. ia,ax,U-a.y = 'k?. 




3. 


-l(--i)' 


6. j( = a2(I + ce'). 






7. my=(x + l) 


2 = 10ic' + 24# + 15a' + c. 






8. x'^-xyi- y'^ 


+ a; - y = c. 






9. j/=:ce~^^ 


■+vi^.-' 






10. cx^ei. ' 








11. a;»-!^ + 2: 


tV-2<i^*^ -26V = C. 




18. 
13. 

14. 




16. logVi5 + a2 + mtan-i^=c 

17. )- = ce'"», 




15. 


x^-t~\=o^. 


18. x + ye^ = c. 






19. !,-"+> = 


^gC-i) «n. 4- 2 sin a + -^■ 




30. 


(« + l)e' = a;^' + 2 3; + . 


23. !/ + 3!,^ + f^|ccV = ''- 




21. 


i = 3^-|-l + ce''. 


24. wf4-2tf'u24-a!*-2a^j?^+2*^' 





2B. - ^2 -f- y^ -\- ce i"'. 



27. Ca: + vV+^)i( = ii^log(j; + v'uM^)+c- 
38. logV^T? + taii-'^ = c. 

39. (4 ft= + l)y'^ = 2 aCsin * + 2 6 cos k) + ce"*'"'. 
SO, X* + !/2 ^ cy. 

i 33. o(j/-6)==— p— ■ 

31. 3a^-2j;2e'' = ra=. 1 + ^^ 

33. 9 log (a !/ + 2 3^ + Y) = U (3 y - I » + c). 

34. x^y^-^xylo^i^y^l- 
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36. 4a2i/ = 5 + CKV'^- 
38. ay = ^. 


37. x"y = ax + c. 
CHAPTER III. 

Art. 22. 


= .. 


3. :i= c, x + y~c, X] 


y + a;' 4- y'^ = c &- ^^ + 2 y-^ = <■ 


, r' + V' = <:. 


4. ■:i89(?, + c)' = 27 TO 


6. ^:.4x-h(^, 


y = 'Ax + c. 



Art. 24. 

3. K = 2{(1 +paj-i(og(jj — 1) — tan-ip}, with the given relation. 

S. log(p — x) = — ^ — y c, with the given relation. 

4. 23/ = (a^H-2. 

Art. 25, 
1- !/ = c-[p'-l-2p + 21og(p-l)], x = o-[2p-i-21og(p-l)]. 

2. !,.= c-flloe(p-l), a;--=c. + »log-^- 

3. j/^ = 2«:« + ^. 

Art. 26. 
1. 3; = logp= + 6p + c. ^^^^ 

3. 2yf+c = o(p+VrTp^)"log(p+v'lTp, ^ = aVTTj^. 

4. s + c = alog(p + v'l+p^), !/ = aVl+i»^. 

Art. 27. 

1. y3 4- i;yi^=-' = c^''^ "'. 3. y'' = 2i;3; + A 

Art. 28. 

3. y = CiC,+ sin-i c. 4. c^J = te^ + f:'- 5. i/2 = ^^^ + 1 + c. 
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3, (^2-j,2 + p)(i2_y24-oiC)=:0. 6. (,j~6x + c)(y-ax+c) = t}. 

4. xy = c + <i'x. 6. au^ + !!(33;-6)- !/2 = 0. 
e + c = f — ^ - 7 wliere 9= tan-^-, and r' =: ic> + j;^. 

tan-i ^ + c = vers-12 a V^^TyK 

xi + y2 -4ia;4-iic2 = 0. CPuti2_ 3y'; = «3,) 



li-^^ U. i,2-Ma + -i!^=^0. 



12. ^ + ■vV + "^ = 

13. t/^-b =(3', + (;)=. 16. y(l±oosx)=t. 

le. i^y - sin-i ^'- c) (j, - cos-i|- «J (y^ - ^i _ ^J = 0. 

11 (!/ + c)i' + Cx-a)2 = l. 19. (i/-c:c=)C?/i4-3a^-«) = 0. 

18. y = 2oVi+/(_c''). 20. !( = e(3;-c)2. 

21. (a^-3y4-c)i:e2 + cs)(K!/+q; + I> = 0. 

32. ax + f,=^ |j)^ — mp + m'' \og(p+ m), with the given relation. 

23. w = ce- + c=. 35. (a: + c)^ + (_y- b'f = 1. 

24. log. — ■■ ^ . =e + v. 36, y = cx + '^- 

21. y^'yx+ic^. 

CHAPTER IV. 
Alt. 33. 

2. i( = ra + c*, a^ + 4!/ = 0. 4, xHy' - i'f?) = 0. 

3- (!/ + a;-c)'' = 4ai/, xj/ = 0. 5. (!/~3: + t)!' = a(x + i/)=, 3; + y=0. 

Page 49. 

1. 3 y = KC^ + -, g2 = aa;^. 

2. o'o; + aey + c* = 0, aing 

is also a tac-locua. 

3. {y - ex)' ^ m^ + •?, y^ + n 
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6. y = cx~- (?, x,^ ~iy. 

6. y^ = 4a(a; — 6)i 1 + 4k^j = 0, a^ = is a tac-loous : 27j = 4a;'; 
1)3 = 4«i*. 

1. (^ + c)* = a' ; a; = is a cusp locus ; there is no singular solution. 

5. (j/ + (!js = a;(3;— 1)C3; — 2); singular solutions are x = (i, a; = 1, 
a: = 2 ; a; = 1 ± — ■ are tac-loci. The curve when c = conaists 

V3 
of aa OTal cutting the axis of j; at the origin and at k = 1, and a 
curve resembling a parabola in shape, having its vertex at tlie 
point for which x = % 

9. s:{a;3^o(!/ + c)^}^0; smgular solution is 4^' + 27kS = 0; k = is 
a part of thB general solution, and is the cusp locus for one part 
of the general solution and the envelope locus for the other part. 

10. y = <^^ Va'c" + 6=, b^^ + cfiy"^ = aW. 

U. z^ + f-c(x^^^)-\-Vi? = S3;iiia.i\s-,-^— + ~--=l. Singu- 
lar solution is k* - 2a;Y4- J/*-4k^- 4 j/s + 4 = ; that is, 
(X + 1/ + V2)(a; + !; - V2)(x - !/ + V2) (« - s - ■^) - 0. The 
genera] solution is the system of oonlcs touchiug these four lines. 

CHAPTER V. 
Art. 43. 

6. J- = i; — K cos d ; when c = «, the cardioid !■ = k(1 — cos 8). 

e. cr = e'. 

Art. 47, 
3. ITie ellipses 2r? ■{■y'^ — <■?. 4. y^ - lc' = c^. 
6. The confocal and coaxal parabolas r = -■ 

Alt. 48. 
2. s = iaC2 + C|t + cs, 6 = J(!I^. a. 2s = V23-C + c,s = Js(^, 

Page 60. 
1. y = ce-. 3. %^ + y^ = a>. 8. 3 j/^ == 2k(ccS + <;). 
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4. 8 = K sin *, the intrinsic equation of a cyoloid referred to its vertex, 

the radius of the geaerating circle being ^ e. 
6. The lines r sin (a + a) = -, and their envelope Clio circle r = — 

6. The parallel lines (msino - jjcosa)^; — (incosa + nsina)J/ = csino. 

7. x^ + 2^ = c. 

8. The system of circles pacing through tlie given point and having 

tlieir centres in the given line. 

9. 3? + y'' = 2a,nogx + c. 10. ^^-^ = e^. 

11. r" = C sin jifl; i^ = c^ sin 2 S, a series of lemniscatcs tiaving tlieir axis 

at an angle ol 45° to that of tiie given system. 

12. )^ - «= = cr coaec 9. 13. r = eVS^si. 

14. Parabola (y -1)^-2 a(y + x) + a^ = (). 

15. a? + i/» = <xK 16. a^ + y^ = 2 ox. 
n. log -^ (!/ + Vjl'i -^')=y^(y+ y/y'i- _ x^). 

IS. E^^c^e^. 

19. )™ = C9inmfl; j- = c9infl; j-= c(l - cos fl), 

20. r = ce9, ?^?B 

21. (i/-a;)^=c ^+^ . ^^' '■' ' "*■ 

V^ .- V^ 23 r = "(1 - ^') 

24. r = 0(1 4- cos e). l-e3in(fl + c) 

37. The ellipses that have the fixed points for foci. 
2B. The ellipses that have tlie fixed points for foci. 
29. The ellipse A2 + q;2j,2 = ^s^a. 30. Tlie hyperbola 2 j;i/ = a^. 
SI. Theparaboia a^2 = «2(2a!; + «^). 

32, The catenary y = a cosh*. (See Johnson, Diff. Eq., Art. 70.) 

33, 4a!/ + c = 2aaV4 8%^-l-log(2aa: + V4o%"- 1). 

34, (a) i = cf^' ■vU"--')^-'f(t)dt. 

(6) J = ce"'-' . It i = I when ( = 0, j = le"'-' . 

(c) i^ce '^' +-■ If i = when i = 0, i = -(l -e~'-'). 
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{B sin (fi^t + ») - L&io cos (6«( + ^ 



35. (a) i = ^[j"e«^/'Ct)<if + iis]. 

(6) i=Ce"^. (c) i = «"^. 

(b) g~Qe ^"i where Q is the charge at Ume ( = 0, 

(d) g = ee-*^ + ^ (sill u( + fiCi-c(« 0-0- 

1 + if^O^ij^ 

37. ._ Va«VT+"i-i , 

CIIArTKR YI. 

Art. 50. 
3. « = Cies" + Cae-*. 4. k = e,6s' + c^e s"- 

Alt, 51. 

1. J/ = 6='(ci + CaK) + Cse--'. 2. !/=e-":(i;i + c-;* + 039;^)+ cie^'. 

Art. 52. 

3. »^ = ^"'(Ci + C2a:)aia x + e'fci + ci3;)coa i. 

Art. 58. 

2. !; = cie» + Gae-' - 2 - & 3:. 3. J^ = f-"(ci + Ci»)-+- ^eSf, 



y Google 



ANSWERS. 217 

Art. 60. 

Art. 61. 

3. J/ = Cifl-^ + c-^(ca009 V3a; + ca ain VZx)+i{x'' -x + 1). 



3. J) = cie^'^ + e^e- '^ - jV sin }x. 

4. y = cie-«4-e^((!,co8— -a; + cs6i 



Art. 63. 

2. y^cie-' + c^e-^ + ^iU^mx-lco^x.). 

3. ^, = cco3(^^^ + a) + g(llx=-12z.f60)^-J(4sm2it-coa23^). 

Art. 64. 

3. J/ = Cie"' + Cjfl-' + ic sill X + > cos z(l - x^). 

Page 80. 

I- y~ (Ci«"' + Cae-^)cos*+ (Cae^ + Cie"^) sinx. 

2. J/ = cie-»' cos (e + a) + cae'' cos (k + ,8) + eae"*'. 

3. !,= c, + e-^((^ + C3s) + |-^ + 4a^ 

4. *f = CiCOs2a; + C2sm3* + K«"-sm3x)+U2*^-l). 



[^_5m + 6 



7. s = "16-=' -I- Cae" + C3«' + ;(« + l>- 
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y = cam(* + a)Cax + 6)+ ^^ + ^^=^cos^. 

^ ^ -^ n + lL n^ + 1 (b2 + 1)3 J 

y = cie"^ + Cae""'' + es sin (ax + a) - ir*2' - 24 u-s, 

;/ = Ci + Cs* + e"(cs + cis) + ^= + ^ iK=. 

!/ = cie" + Cae-" + Cj sin (k + a) - J e^ cos s^ 



= Cie~^ + Cafl"^" + i^a^** — 



12 V 12/ 

g = ce* sin (3 j: + a) + J e" cos a;. 

!/ = e-'(ci + CaK + c^^) + | a^e"*. 

)/ = e2«(c, + csice)+ e-'(ca + C4!>:)+ {e'^ix^ + 2x + |). 

1/ = e^ici + cs* + C33;2 + i 3^ + ^ a^). 

!/ = ce-' + Cie-' - i{xsiax + cosx)+-t'iXe'(2x'>'-3x + 9). 

J/ = cie*" + cae-' - 3', (2 sin 3 a: + cos 3 K) - K^™ 2 a; + cos 3 x) . 

J/ = e^(ci + c, COS a; + cs sin 3;)+ a^' + -^[oos a; + 3 sin a;). 

y ~ Cie^* + Cae*' + a^ + ^. 

J) = ei^(ci + c^) + cae-" + J e^. 

, = „-. + «•(., CO.^, + »,ln^«') 
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CHAPTER VII. 
Art. 63. 

Art. 66. 

3. s = («i + C2 log it)sm logs: + (Cs + C4 log !^)coa log*. 
Art. 69. 

Alt. 71. 

1. !/ = Cl(5 4-aE)2+C2(6 + 2»). 

2. i, = (2x-l}[<>t + <T2(2x-l)^ + Ca(2»-l) 2 ]. 

Page 91. 

V = «)2[ci + fj logic + Ca(loga:)2]. 

y = ci(» + «)^ + c,(x + <iy + ^^±15. 

S = a!-s(oi + ce logK) + Cb*. 

y =^K(c,coslogx + casinloga; + 5)+ x-i((^3 + 21og:c). 

Vic + 1 -=''■' 



y = ifi{ei + <h\ogx} + 



(m-2y 



j)=C.F. of Ex. 3, Art, 66, +Cloga^)^ + 2 
y = 3;(ci + Ca log!) + Cb*-i + i a^"' log*. 
!/ = - ( log — ^ + Ci log X + ca ) . 
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14, y = x\c,xy^ + Ci 









3721a; 

CHAPTER VIII. 

Art. 75. 

e^'y = i ("e^'^as^ + nAe^da, + c^. 

Art. 76. 

y = Ci + CaX + CsK^ H 1- iVK""'' - 

)/ = Ci + CaK + CRK^ + CiS' + jK^ logic. 
J/ = Oi + Ca» + (6 - »=) sin E - 4 x COS z. 

Alt, 77. 

3 1; = 2 ai(j/* - 2 cO (y^ + Ci)* 4- 1-^. 
Vc,!/^ + !/ - log ( Vciy H- Vl + 00) = w-i Vix + c^. 
4. na; — log(y + Vj/' + fiO + '^i or !/ = d'C" + Ca'e"". 

Art. 78. 

2. 2(y ~6)=e'-'' + e-i'-''i. 8. y = Cia; + (ci^ + 1) log(K - ci)-|- cj. 

4. 15 C|!) = 4 (z + Ci'a'') a + CaX + Cj. 

Art. 79. 
1. e-M = cia; + cj. 3. log y = Cie' + fije-*. 

a. 1/2 = 3:2 H- CiK + Ca. 4, sin (Ci -2i/2j/) = C2e-^- 

ATt. 80. 

1. y = Ci sin aa + c, cos ax + Csa + 04- 

2. 1) = oie™' + «se-°" 4- Cs + cjK + Cfoc^ + ■ - ^^ - - ; -■ 
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3. y = Ci -i- csx + x,'^{csx '' -^ c,x ^ )when((<|, 
y = Ci-\- CaK + CsCOsf " ~ log - ) wlion (i>^. 

Art. 81. 
Alt. 82. 



*■ »=''"('+A+ 



2-5 3.4.5.9 2. 4. S. 5.9- 



^+- 



+ ^n'+2:8+rTnr7+ 2.4.«.'3.,.n ^- 

"'"rT3"''l.3.3.7^1.8.5.3.7.11^""' 



li 






' = ^'1,'-?:273t"+ 2.4.2.-1.2.-3 ' 

.+l-.+2 ^, »+1..42.. + 3.. + 4 
.2. +3 2.4.2.+3.2B+5 



+ B.-- 1 + "V . ■-■+^ 



Page 107. 

2. 2ay + x^ = CiVo^ - ais + ca. 5. »; = ci + cjc + cje-' + Cje-". 

7. lyVa;* - i = sec-' :c -f- ti V^^^H + Ca log (a: + V*'^ - 1) + cb- 
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10. V = ci sin' a: + ca cos a: - ca sin's log tan |- 

11. y = ese'i^x -l)+c,x+ c, { xe' ( x-^e-^{dxy + Cj, 

13. Iogj/-l = — 

ciie+C2 16. y = (iie--^ + Ci + le'- 

16. v = e-''"'J«"°'Cci* + ca)&i;+ c3e-""'-- '"^~ — 

17. y = Cj{l-xootx)+Ci<iotx. 16. alogCy + 6) = k + c. 

19. (ci* + cs)^ + a = CiyK 

21. 3-6=ilog3ecaK(3^-c>. 

CHAPTEll IX. 
Art. 87. 

2. y = Ax + li Cx-''d''''dx + Cx'^ei" (\>?e''i''(_(Uy. 

Art. 88. 

S. y = CiE^* + Cae^' I ^ (to. 4. «; = Cie** + c^e^ J x~^e "'(tc. 

Art. 91. 

3. „ = ,A!.m(f 1„SX + .} 

3. y=(c,ism\/6x + CiOOBVGx)conx. 4. */ = e'Ccix' + Cjk). 

Art. 92. 
2. !; = csm^21ogtaTi|+aY 3. ;, = ci ain (x= + a) + j- 
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Page 120. 
1. y = l(eie-"+Cie-^). 4. !, Vl + x' = cilog {x + Vl~-fx^) + Ca- 

3. !) = o« sin (ic + a). 6. y = fifii"' ain (aiVfi + a). 

7. y = e-^'(eie"''^+cse-"''^). 

8. y = e''(£i\ogx + es). 

9. !/ = ciS: + CaC* ain"' k + Vl - 1'^) - ^ i(l - i^)! 

10. y = CiX + Cs 008 K. 

11. y = Oi}? + CsX + caix^i x-'e-'dx — v: I X'^e-'dzj. 

12. ?/ = Cie« """'■' 4- Cae-""""'". 

13. S( = Cia; + CiX^X-H"^da. + :>: Jar-^e""^ ]"«:« VW ((if)2. 
14. 2 a = *(cie^ + ca - a:). 17. J/- = cx'' + r.,x. 

18. j,3_|_(a_r,)i = j.i. 



15. y = cil 

16. y = c,aLvi(nV'^^n+a). 



CHAPTEE X. 
Page 124, 



, Tlie oirclfi of radiu; 



3. A catenary, j = -f e " + « ' J. 

3. '^ + (x — a,Y — tfi, circles whose centres are on the i-axis. 

4. (x — ay = ic(y — c), a system of parabolas whose axes are parallel 

to the axis of y. 

5. « + Ci ^CTers-'- — V2cj — ^, the cycloid obtained by rolling any 

circle along the ie-aiie from any point. 
e. The ellipses aV + i^C* - «)'' = 0*1 if il^e normal is - n^ times tiie 

radius of curvature. 
The hyperbolas aY ~ ""(.^ ~ =)^ = "'1 " "J^e normal is + k^ times tie 

radius ot curvature. 
A Bet of parabolas if no constant is introduced at the first integration. 



y Google 



7- Tlie elastic curve roprcsonted by the equation 

J4 k2 - (*' - (fiy}i ay = ± (Tfl - a^)dx. 

8. s = Cie" + Cje^"*, when accel = k^ distance from the fixed point. 

8 = Cisin(iit + Ca), when ace el = — k^ distance from the fised point. 

9. S=J(((2. 

10. The relation between time of motion and the distance passed over is 

<^Ci±X£{V?^^ + clog(Vs-)- Vs — c)}, according os the ac- 
celeration is ±^' 

11. s — -^ cosh M, it the resistance of tiie air is — times the square of the 

velocity. 

12. 3 = ' ° ■ , if the acceleration is — « times the cube of the 

velocity. 

13. T = 2tr-^-^- (Emtage, Mathematical Theory of Electricity and 

Magnetism, p. 85.) 

14. s = i + (So - cos Kl, v = - k(s„ - I) sin «j, where k =-^^. 

Hint : Put 8 — I equal to a new variable. 



+ Cie ""i + Ose ^1, 

where T, = ^ ^- and T^ = - ^^ 

BC-VB^C^-LG BC + VB^C'-iLC 

Same aa in 17 with/(() suljstituted for/'(i). 

i^e~^''(Ci + C2t). 20. i = Jsin— L_. 

Vlc 

e— a = cie"" sin <y-'°~'''-t'!,^ for u>k; 

e — a = cie-'"-^"' -"'«"+ Cae-i «+*'«'-"''' for u< k. 

eEIy = PiZPx-x'-). 33. 2i Ely = vi{il'>x - X'). 
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ANSWERS. 



Hi. The general solution is 



I conditions of Ex. 22 to deter en i 



On applying the conditions of Ex. 22 to detercnine 



CHAPTER XT. 
Art. 98. 

2. x = e^(Acost + Bsmi), y = ef'UA - B>coat + (A + Bjsmt}. 

3. « - cie-^ + cje' + ^ 63 - ^! - iJ, !/ = - Cie"*- + Cie'+ ^^ - ^t-^. 

4. s; = Cie-^+«ie-^+Y<— ¥■-¥«'' !'=-''ie"'+4''je"*- V+V+¥«'- 
6. x = (ci+cst)^ + (eg + ea)e-', 2y=(c^-Di-e^)^-(^B3 + C4+eit)e-'. 

Art. 99. 

3. ^2 = 2= + «!, 3^ = yi + t2, 4, z = -^^^ log I + c, !) - X = Cicy. 
8. a^ — ly^ = ci", x^ + '- = C2- 
6. a*5 4- ly^ 4. cji* = Ci, 0^= + 6-y^ + o=b^ = C3. 
Alt, 103. 

3. (y + 3)e* = c. 4, 1; -- cj/ - j/logs =^ 0. 

5. e^(i/ + s'i + a;) = c. G, j/(k + 3)= c(y + c). 

Page 143. 

y =[(c, - cO aint -(ca + c,) cos^^"^' - |f + j"^- 
S. y = (_ei + i^x)&'+Seae-^'-^x, s = 2(3ca - ci ~ C23;)e'' - Cse"^' - j. 
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22b ANSWERS. 

9. iogxyz + x + y + z = c. 

X ^ !/ ""■ 11. X^ + 3^ - u + K'is = c. 

la. sS + (a-a)2 + (!/-6)^ = ft2. 
K = Ci cos V3 J + Cj sin V3 ( + ca cos V2 C + C4 sin V2 ( 
- tUj e" + a te" -^\~^ cos 2 [, 
^*" 5F = -3ciCOsV3t-3caSinV3t-2c3COSv'2(-2cisinV2( 

14. a; = e'^f ci cos -^ + 03 sin ■^'j + /"'^fc^cos -^+ ci sin ^'l - 



wtere iS ~P + m^ + rfi; and Uie artiltrary 
nected by the following relations ; 

mci — kS) _ ««! — ici _ I61 — mni _ 



16. See Forsyth, Biff. Eq., Ek. 3, Art. 174 ; Jolmson, D'Jf. Eq., Art. 243. 
IT. ■£ + fliiJ/ = cie(°+"i°''*' + CBe-<''+'^'''i*', 

a; + m^y = Cje('>+~s='l*' + (;4e-(*+™«"'l'', 

where mi and m^ are the roots of a'm? + (a — 6)™ — 6 = 0. 
Ex, 16, p. 266, Johnson, Diff, Eq. ; Ex. 4, p. 270, Forsytto, Diff. Eq. 

18. When the horizontal and vertical lines through the starting point 

in the plane o£ motion are taken for the x and y axes, the equation 
of the path is 

ic~vtst COB 4,, y — votsinii — ^gfi; 
and the elimination of ( gives the parabola M=»taiiA— Ip— — 5^ — -. 

19. Axes being chosen as in Ex. 18, 



'«), y=: gj [ CTo8in»+g ^t 
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20. For upper sign : the hyperbola (aiy — bia;)(64a; — a2y) = (ai6a — aaf'i)*. 
For lower sign: the ellipse {'i,'j — biX)^ + {asy — bixy = (ai!)i—aibiy. 

CHAPTER XII. 

Art. 108. 

2. ^=px+gy + pq. S. p = q. 4. q = 2ypK 6. z = M- 

6. x^^ + J^Y-^^ = 0, orr^.f yf^y-s^ = 0. 
5^:= [dx) Sx. dy^ \dy/ dy 

Art. 109. 
a. yp-'j:q = 0. 3. (^ + !^p)J/ + ^C^g-m^)) = (m + n9)a^ 

dx dy dy^ B^? 

Art. 116. 

a. £=e'^4,(x-y). 3. J* + fiiJ; + iia = ^(j:^ + !*^ + «')■ 

X y \x zl 

Alt. 117. 



Art. 120. 

3. B = ax + by + 2\'ah. 

Art. 121. 

'=+'-' = day- 3. (s + a=)= =(ir + «y + c)^. 

5. a2 _j_ [;sVs^_4a^ - 4 o^ log (a + i/i^TTi^s)] = i(a; + ^y 4. 6). 
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228 ANSWERS. 

Art, 122. 

5. zi^(x+a)l+(_'J + a)^ + l'- 4- ^^ = i(2%- a)' + a^j + b. 

3. J =(Kc + aV + b. a. 3 = ^(« + a)' +fC!("a)4 + 6. 

6. s'^ = xVW+7^^ + yVf^=V^ H- a^ log ^~+- V^' + "' + h. 

y + Vi^-a^ 

Art, 123, 

2. 3 = (j; + a)(j/ + 6), S.I.iS2 = 0. 

Anotlierfonn of the C.I. is 2Vs — -■+ ay + b, 

3. C.I. is2 = 8y + ((Ke + 6)2. 

Art. 12 , 

Art. 126. 

2, ^=/(s)+ *(!/). 3. 8 = ^|) + f(|). 

Art. 128. 

2, 2 = ^(j,-2s!)+V'(j-ie). 3. B = ^(y4-33;)4-f(y-2a^). 

Art. 129. 
Art. 130. 

Art. 131. 

6. : = e'tf>(i^ -aO+« ^^Vdz + i)- 

Art. 132. 
a. -(ye'*^ + ■iiX? + ia■^'y+h^^ + ii^V + ^'0, JsinCa: + 2j/)-*e>, 
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Art. 133. 

3. J = ^(K'^ + If) + f(x-^- t). (Put K for 4 x\ y for \ f.) 



Page 187. 
? + yi + ^2 = ^^(^jj- e. alogs = QOT + (1 - «c)i) + 6 

= 0. 10. K + y + z = 0(j:!;2). 



soc(5: + !/) * ''r '"'^ 2 



13. ^^a, + 2v^ + 6. j^ . = „.+ '^^ , + .. 

14. {e-h-a\ngxf = iay. n ± Vn^ - a= 

16. 3 = l^J^ + 6)/ + cVl + (t^ + 6^. S.l. is k^ + j^ + jO ^ ^2 
17. e = a» + (l-Vayy + b. 18. s = ore* + 4 a^e" + b- 

19. Qj - 1 - ce"'+°». 
30. (1) 2 ^ = [ - + ai^y + 6 ; (2) ii = xy +y\'x^ - oi^ + bi ; 
(3) s = IS) + x-^WTn? + ?t3. 

21. 2^ J a log (k= + j/i) + Vl — a^ tan^i- + h. (Cliange to polar co-ordi- 
nates.) 



83. z = a-\/x + y-\-^l-a^\/x-y-V 6. (Put Vai + ;/ = is, Va - j/ = b.) 
34. z = axi) + aHx-\-y)-^-b. (Put s;j( = ii, a + y = lo.) 



y Google 



(5 + ^(y)losH- ^(y). 38. y = xf-^z) + f(z). 
. (B-l)^!/ + Gu; = eC'-i)'fCs)+/(s). 

^ = ^^e^ + ^ + i^(j/ - to) +/(!/- aa;). 

3s = a*(!/a - 1)(;^ + 2)+ *>W Vi^T^ 4- V«. 
4s = 5ii;Y+J*^|W + ./'Cj;). 
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